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Introduction
Obtaining information on short range correlations (SRC) in nuclei is a pri-
mary goal of modern nuclear physics [1]. Interest in SRC stems not only from
the necessity to firmly establish the limits of validity of the standard model of
nuclei, i.e. a non relativistic description in terms of two- and three-nucleon
interactions, but also from the impact that the knowledge of the detailed
mechanism of SRC would have in understanding the role played by quark
degrees of freedom in hadronic matter and the properties of the latter in
dense configurations [2]. Recently, evidence of SRC has been provided by new
experimental data on inclusive [A(e, e′)X ] [3, 4] and exclusive [A(e, e′pN)X
and A(p, pN)X ] lepton and hadron scattering off nuclei at high momentum
transfer (Q2 & 1 GeV 2) (see Ref. [5] and references therein quoted). In inclu-
sive scattering the observation of a scaling behavior of the ratio of the cross
section on heavy nuclei to that on the Deuteron [3], for values of the Bjorken
scaling variable 1.4 . xBj . 2, and to that on
3He [4], for 2 . xB . 3, has
been interpreted as evidence that the electron probes two- and three-nucleon
correlations in complex nuclei similar to the ones occurring in the two- and
three-nucleon systems [6, 7]. By combining the results of inclusive and exclu-
sive experiments, a convincing experimental evidence of SRC in nuclei have
been eventually found. It should be pointed out, however, that in inclusive
experiments statistics in the region of three-nucleon short range correlations
is very poor and, at the same time, a general framework to describe these
correlations is still lacking; moreover, in exclusive experiments, the found ev-
idence of SRC is limited to the 12C nucleus. For these reasons it is not only
necessary to extend experimental measurements to other nuclei, as planned
e.g. at the Thomas Jefferson National Accelerator Facility (JLab), but it is
also urgent to improve our theoretical knowledge on the nature of two- and
three-nucleon correlations. The aim of this Thesis is to critically review the
present theoretical and experimental knowledges on SRC in nuclei, and, at
the same time, to provide a theoretical framework within which to coherently
treat two- and three-nucleon correlations. As already pointed out, most of
our experimental knowledge on two- and three-nucleon correlations comes
iv
from exclusive and inclusive experiments on lepton and hadron scattering
off nuclei at high momentum transfer. It should be pointed out, however,
that whereas exclusive processes can directly access the relative and center of
mass motions of a correlated pair in a nucleus [8, 9, 10], obtaining information
on these quantities from inclusive scattering is, in principle, more difficult.
Various approaches based on scaling concepts have therefore been proposed,
going from the scaling behavior of the cross section ratio plotted versus xBj ,
to the scaling behavior of the ratio of the nuclear to the nucleon cross sections
plotted versus proper scaling variables; among the latter, a process that has
been most investigated in the past is the so called Y-scaling, for it is believed
that this may represent a powerful tool to extract the high momentum part
of the nucleon momentum distribution which is governed by SRC [11, 12, 13].
In this Thesis the concepts of Y -scaling will be critically reanalyzed, mainly
because of: i) the lack of a general consensus about the usefulness of such
a concept, and ii) a strong renewal of interest in Y-scaling owing to recent
experimental data on A(e, e′)X reactions from the JLab [14, 15]. We will
show that the analysis of inclusive scattering in terms of proper Y-scaling
variables could indeed provide useful information on SRC; to this end, fol-
lowing the suggestion of Refs. [16, 17, 18], a new approach to Y-scaling and
its usefulness will be illustrated in detail.
In the first part of the Thesis, mainly in Chapter 1, we present the necessary
formalism to introduce the original part, which is illustrated in Chapter 2-6.
In more detail, the structure is as follows:
1. In Chapter 1, the realistic many-body problem of nuclei and cold
hadronic matter is recalled, in order to introduce the concept of SRC;
an overview of the experimental evidence of SRC is given, and the
relevance of SRC in various fields of Physics is illustrated.
2. In Chapter 2, the basic features of the spectral function and the nucleon
momentum distributions, which are two basic quantities of our new
approach to inclusive cross sections, are recalled.
3. In Chapter 3, the formalism of inclusive electron scattering off nuclei
and the general expression of the cross section is presented, within the
plane wave impulse approximation (PWIA), and by taking into account
the final state interaction (FSI) of the knocked out nucleon with the
residual system (A− 1).
4. In Chapter 4, the inclusive process is analyzed in terms of Y -scaling:
three different scaling variables are introduced, each one describing a
particular process occurring in electron scattering off nuclei.
v
5. In Chapter 5, the results of our calculations of the xBj dependence
of the inclusive cross section ratios in terms of PWIA and FSI are
presented.
vi
Chapter 1
Short range correlations in
nuclei
Introduction
We will now introduce what short range correlations are and what is their
relevance in modern physics.
1.1 The realistic many-body problem of nu-
clei and cold hadronic matter
In what follows, we will consider a bound system of Z protons and N neu-
trons, with A = Z + N . We will simply call such a system a nucleus A.
What exposed in the following equally well applies to both nuclei and cold
hadronic matter, the latter being a system composed of an infinite number
of bound nucleons (e.g. neutron stars). As stressed in Ref. [19], when par-
ticles interact with each other through the intervening mechanism of a field,
the description of their dynamical behavior in terms of instantaneous poten-
tials is only an approximate nature, and the two-body vˆ2(xi, xj), three-body
vˆ3(xi, xj , xk),. . . , A-body potentials may be regarded as successive stages of
this approximation. Thus, considering the nucleus A as a non relativistic
quantum-mechanical system, its quantum states are the solution of the nu-
clear many-body problem, represented by the following Schro¨dinger equation
Hˆ(x1 . . . xA)Ψ
n
A(x1 . . . xA) = EnΨ
n
A(x1 . . . xA) (1.1)
1
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with Hamiltonian
Hˆ(x1 . . . xA) = −
~
2
2mN
A∑
i=1
∇ˆ2i +
A∑
i<j=1
vˆ2(xi, xj) +
A∑
i<j<k=1
vˆ3(xi, xj , xk) + . . .
(1.2)
Here xi ≡ {ri, si, ti} denotes the generalized coordinate of the i− th nucleon,
which includes its radial coordinate ri, spin si and isospin ti; n stands for the
set of quantum numbers of the state under consideration; mN is the nucleon
mass.
Solving the nuclear many-body problem is not an easy task; the reasons are
manyfold:
• many-body forces are unknown;
• the two-body potential obtained from the analysis of nucleon-nucleon
(NN) scattering data is very complicated, owing to its spin, isospin and
tensor dependences [20];
• it is not yet clear what is the role (if any) played by the quark-gluon
structure of the nucleon in the description of nuclear properties;
• it is not yet clear to which extent the nucleons bound in a nucleus
retain the same properties as the free ones;
• last but not least: can nucleon motion in a nucleus be considered within
the non relativistic approximation?
It has however been demonstrated in Ref. [19] that, independently of the
detail of the field, the m-body potentials, in systems governed by the strong
force, can be written as follows
(m-body potentials) ≃
(vN
c
)m−2
× (two-body potentials) (1.3)
where m = {3, . . . , A}, and vN is the average nucleon velocity which, using
the uncertainty principle and the known nuclear dimension, can be estimated
to be vN ∼ 0.02c, which means that, to a large extent, nuclear systems
can be considered as non relativistic systems bound by two- and, at most,
three-nucleon interactions. Such a conclusion is confirmed by a wealth of
experimental information on basic properties of nuclei (e.g. the dependence of
their radii upon A1/3, which, in turns, leads to a constant value of the binding
energy per nucleon and to the constance of the volume, the similarity between
the magnetic moments of odd nuclei and the nucleon magnetic moments, etc.)
2
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which lead to the conclusion that the atomic nucleus can, on the average,
be described as an incompressible low density system (with density ρ0 ∼
0.17N/fm3) composed of non relativistic nucleons interacting mainly via the
same two-nucleon strong force acting between free nucleons plus, at most, we
reiterate, three-nucleon forces. The nuclear many-body problem thus reduces
to what has been called the standard model of nuclei [21], described by the
following Schro¨dinger equation[
−
~
2
2mN
A∑
i=1
∇ˆ2i +
A∑
i<j=1
vˆ2(xi, xj) +
A∑
i<j<k=1
vˆ3(xi, xj , xk)
]
ΨnA(x1 . . . xA)
= EnΨ
n
A(x1 . . . xA)(1.4)
Even in this simplified form, Eq. (1.4) is difficult to solve, due to the com-
plicated structure of the two-nucleon interaction. For such a reason, in the
past half century, various phenomenological models have been proposed to
explain the structure of nuclei, and the nuclear shell model (SM), for which
Maria Go¨ppert-Mayer and Hans D. Jensen were awarded by the Nobel Prize
in 1963, turned out to be the most successful one [22]. In the simplest version
of this model, the independent particle shell model, the nucleus is described
as an ensemble of independent nucleons which move in an average potential
filling, according to the Pauli Exclusion Principle, proper shell model states.
Moreover, neutrons and protons occupy all states below the Fermi level, leav-
ing the above states empty. More technically, one says that the occupation
probability of states below the Fermi level is one, and above the Fermi level
is zero.
The Hamiltonian of the system reduces to
Hˆ0(x1 . . . xA) = −
~
2
2mN
A∑
i=1
∇ˆ2i +
A∑
i=1
Vˆ (ri) (1.5)
and the Schro¨dinger equation is
A∑
i=1
[
−
~
2
2mN
∇ˆ2i + Vˆ (ri)
]
φ0 = ǫ0 φ0 (1.6)
Φ0 being a Slater determinant. In the most refined SM description, various
types of residual interactions are added to Eq. (1.5); these include, for ex-
ample, the spin orbit interaction, non spherical single particle potentials to
account for the deviation from the spherical shape of classes of nuclei in the
periodic table, and others. The success of the advanced SM in reproducing
many properties of nuclei was awarded in 1975 by a Nobel Prize to A. Bohr,
3
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B. Mottelson and L. Rainwater. In the advanced shell model, a prominent
role is played by the so-called long range correlations, whose main effect is
to partly deplete the occupation probability of the states below the Fermi
level, making the states above the Fermi level partially occupied. It should
however be pointed out that the main feature of the independent particle
and advanced shell models, is the independent particle motion. This fact is
difficult to reconcile with one of the main features of the realistic NN inter-
action, namely the strong repulsive core at relative distances of the order of
0.5−0.6fm, which is one of the facts which makes the solution of the nuclear
many-body problem (1.4) a very difficult one.
The realistic two-body interaction, which explains two-body bound and scat-
tering data, has the following form [20]
vˆ2(xi, xj) =
N∑
n=1
v(n)(rij) Oˆ
(n)
ij (1.7)
where rij ≡ |ri − rj | is the relative distance of nucleons i and j, and n,
ranging up to N = 18, labels the state-dependent operator Oˆ
(n)
ij , whose first
six components are defined as follows
Oˆ
(1)
ij ≡ Oˆ
c
ij = 1 (1.8)
Oˆ
(2)
ij ≡ Oˆ
σ
ij = σi · σj (1.9)
Oˆ
(3)
ij ≡ Oˆ
τ
ij = τi · τj (1.10)
Oˆ
(4)
ij ≡ Oˆ
τ
ij = (σi · σj) (τi · τj) (1.11)
Oˆ
(5)
ij ≡ Oˆ
(t)
ij = Sˆij (1.12)
Oˆ
(6)
ij ≡ Oˆ
(t)
ij = Sˆij (τi · τj) . (1.13)
Here
Sˆij = 3 (σi · rˆij) (σj · rˆij)− (σi · σj) (1.14)
is the tensor operator, and σi and τi are the spin and isospin of the i-th
nucleon of the pair, respectively. It can be seen that the two-body interaction
exhibits a strong state dependence. Particular worth being mentioned are the
strong short range repulsion and the tensor attractive interaction in T = 0
and S = 1 states, as shown in Fig. 1.1. These features of the NN interaction
generate, as we shall see in more detail in the following, strong correlations
between nucleons, which are not present in a shell model picture.
Recently, important progress has been made in solving the many-body Schro¨-
dinger equation (1.4), which is rewritten by considering only the ground state,
4
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Figure 1.1: The Paris nucleon-nucleon potential in triplet (S = 1) central
and tensor states. After Ref. [23].
5
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denoting Ψ0A ≡ ΨA and E0 ≡ EA, namely[
−
~
2
2mN
A∑
i=1
∇ˆ2i +
A∑
i<j=1
vˆ2(xi, xj) +
A∑
i<j<k=1
vˆ3(xi, xj , xk)
]
ΨA = EA ΨA .
(1.15)
The most advanced approaches to the solution of the nuclear many-body
problem rely on the numerical integration of Eq. (1.15) by Monte Carlo
techniques [24], in particular the Variational Monte Carlo (VMC) method,
which is used to optimize the expectation value of observables by adjusting a
trial wave function, and the Green Function Monte Carlo method. By Monte
Carlo techniques it was possible to solve Eq. (1.15) for both the ground and
excited states in the range 3 ≤ A ≤ 8, as shown in Fig. 1.2. For heavier
-60
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er
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1+
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4+
8Li
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1+
8Be
 α+d
 α+t
α+α
 α+2n
 
6He+n
 
6He+2n
 
7Li+n
Figure 1.2: Variational Monte Carlo (VMC) and Green Function Monte Carlo
(GFMC) energies using the two-body AV18 [25] and three-body UIX [26]
interactions compared with experiment (Exp). Black dashed lines show the
indicated breakup thresholds for each method. The Monte Carlo statistical
errors are shown by the light blue and yellow bands. After Ref. [24].
nuclei the Monte Carlo methods become very difficult to apply, and alterna-
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tive realistic approaches have been developed, such as the Hypernetted chain
method with correlated wave function [27], large shell model basis approach
[28], the coupled-cluster theory [29], and the variational calculations with
correlated wave functions [30]. In this Thesis we will consider the number
conserving cluster expansion approach with correlated wave functions [31].
In this method, the variational principle is applied in minimizing the expec-
tation value of the Hamiltonian
< Hˆ >=
< ΨvA|Hˆ|Ψ
v
A >
< ΨvA|Ψ
v
A >
≥ E0 (1.16)
with the trial nuclear wave function cast in the following form
ΨvA = Fˆ φ0 (1.17)
where φ0 is the shell model mean field wave function, and
Fˆ = Sˆ
∏
i<j
fˆ(xi, xj) (1.18)
is the correlation operator; the latter is defined in terms of the symmetriza-
tion operator Sˆ, and the two-body correlation function
fˆ(xi, xj) =
N∑
n=1
f (n)(rij) Oˆ
(n)
ij (1.19)
with the same operatorial dependence appearing in the two-body potential
vˆ2(xi, xj) given by Eq. (1.7). In Ref. [31], a new effective method for the
calculation of the expectation value of any quantum-mechanical operator Aˆ
in the many-body ground state described by the wave function ΨvA, i.e.
< Aˆ >=
< ΨvA|Aˆ|Ψ
v
A >
< ΨvA|Ψ
v
A >
(1.20)
with ΨvA given by Eq. (1.17), based upon the cluster expansion, is presented.
Introducing the quantity
ηˆij ≡ fˆ
†
ij fˆij − 1 (1.21)
the expectation value (1.20) can be written as follows
< Aˆ > =
< φ0|Fˆ † Aˆ Fˆ |φ0 >
< φ0|φ0 >
=
< φ0
∣∣∣∏i<j (1 + ηˆij) Aˆ∣∣∣φ0 >
< φ0
∣∣∣∏i<j (1 + ηˆij)∣∣∣φ0 >
=
< φ0
∣∣∣(1 +∑i<j ηˆij +∑(i<j)<(k<l) ηˆij ηˆkl + . . .) Aˆ∣∣∣φ0 >
1+ < φ0
∣∣∣∑i<j ηˆij∣∣∣φ0 > + . . . .
(1.22)
7
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Expanding in series the denominator
1
1 + x
= 1− x+ x2 − . . . (1.23)
one gets
< Aˆ > =
[
< φ0|Aˆ|φ0 > + < φ0|
∑
i<j
ηˆijAˆ|φ0 > + . . .
]
×
[
1− < φ0|
∑
i<j
ηˆij|φ0 > + < φ0|
∑
i<j
ηˆij |φ0 >
2 + . . .
]
(1.24)
and collecting all terms containing the same number of function ηˆij , one
obtains the infinite series
< Aˆ >=< Aˆ >0 + < Aˆ >1 + < Aˆ >2 + . . .+ < Aˆ >n + . . . (1.25)
At second order in η, one has, explicitly,
< Aˆ >0 = < φ0|Aˆ|φ0 > (1.26)
< Aˆ >1 = < φ0|
∑
i<j
ηˆij Aˆ|φ0 > − < Aˆ >0 < φ0|
∑
i<j
ηˆij |φ0 > (1.27)
< Aˆ >2 = < φ0|
∑
(i<j)<(k<l)
ηˆij ηˆklAˆ|φ0 > − < φ0|
∑
i<j
ηˆijAˆ|φ0 >
× < φ0|
∑
i<j
ηˆij|φ0 >
×
< φ0| ∑
(i<j)<(k<l)
ηˆij ηˆkl|φ0 > − < φ0|
∑
i<j
ηˆij |φ0 >
2
(1.28)
where the term of the order of n contains ηˆij (fˆij) up to the nth (2dn)
power. In Ref. [31], the ground state properties of closed shell nuclei, 4He,
16O and 40Ca, have been calculated by minimizing the ground state energy
at 2nd order in ηˆij with respect to the single particle wave functions and the
correlation functions f (n)(rij). The results for the latter, corresponding to
the V 8′ interaction [32], are shown in Fig. 1.3 versus the distance r, in case
of 16O. It should be pointed out that:
• at relative distances significantly smaller than the average internucleon
distance (∼ 1.7 fm), nucleons feel the strong central repulsion and the
tensor attraction;
8
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Figure 1.3: The correlation functions (1.19) for 16O vs. the relative distance
r ≡ rij, corresponding to the full Argonne V 8′ interaction used in Ref. [31].
• at large distances, the effects due to noncentral correlations vanish, the
central component is equal to 1, and the mean field wave function in
Eq. (1.17) is recovered.
The net effect generated by the correlation function is demonstrated in Fig.
1.4, where the calculated two-body density distribution for p-n and p-p pairs
in 16O resulting from the solution of Eq. (1.15) with interaction (1.7), con-
taining the Argonne v14 two-nucleon [34] and Urbana V II three-nucleon po-
tential [35], is compared with the shell model density solution of Eq. (1.6). It
can be seen that, as a result of the contrasting short range central repulsion
and the intermediate range tensor attraction, the realistic two-body density
strongly differs from the shell model density in the region 0 ≤ r ≤ 1.1 fm;
since the average internucleon distance is ∼ 1.7 − 2 fm, we will call the
deviation from the shell model in the range 0 ≤ r ≤ 1.1 fm short range cor-
relations (SRC), always remembering that they are due to both short range
central repulsion and intermediate range tensor attraction, with the latter
acting only in T = 0 and S = 1 states, and thus enhancing the n-p distri-
9
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Figure 1.4: The two-body density distribution versus the relative distance
r ≡ rij . Dot-dashed line: p-p mean field (MF) contribution, calculated from
φ0; solid line: p-p correlated contribution, calculated from Ψ
v
A ≡ Ψv; dotted
line: p-n MF part; dashed line: p-n correlated component. After Ref. [33]
butions. In what follows, it will be shown that SRC strongly depopulate the
states below the Fermi sea, creating highly excited virtual two-particle (2p)-
two-hole (2h) states.
1.2 Experimental investigation of long and
short range correlations in nuclei
A simple cartoon of NN SRC, as predicted by theoretical calculations, is
depicted in Fig. 1.5, and the question arises as to whether such a picture can
be experimentally observed. The answer is a positive one, and will be given
qualitatively in what follows.
10
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Figure 1.5: A simple cartoon of NN short range correlations. When the
distance between two nucleons becomes smaller than the average internucleon
distance, of order ∼ 1.7 fm, nucleons result to be in a correlated pair, and
their local density becomes comparable with those in the core of neutron
stars, up to ∼ 7 times the average nuclear density ρ0.
1.2.1 Exclusive lepton scattering: the A(e, e′p)X reac-
tion
A way to learn about correlations in nuclei is represented by the nuclear
reaction in which an energetic electron e, with energy ǫ1, knocks out from
a nucleus A a proton p, which is detected in coincidence with the scattered
electron e′, with energy ǫ2. In this process, the (A − 1) nucleus is left in
some excited states with energy E∗ = ν − Tp − TA−1, where ν = ǫ1 − ǫ2 is
the energy transfer (the energy lost by the electron in the scattering process)
and Tp and TA−1 are the kinetic energies of the proton and the residual
nucleus, respectively. This kind of nuclear ionization experiments, initiated
more than 40 years ago [36], depends upon the number of protons in various
shell model states (see §2.3) or, in other words, on the occupation probability
in various shell model states, which, as we know, in the single particle shell
model is one, for states below the Fermi sea (e.g. 1s1/2 and p3/2 in
12C), and
zero for states above the Fermi sea.
The situation for the 12C nucleus is illustrated in Fig. 1.6. It can be seen
that the first experiments, performed at low energy resolution, identified only
two shell model states in 12C, namely 1p and 1s, whereas the high energy
11
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(a) (b)
(c)
Figure 1.6: Nuclear ionization experiments 12C(e, e′p)X performed at: (a)
Laboratori Nazionali di Frascati (LNF) at low energy resolution and low re-
moval energy Emin < E . 40MeV [36], (b) the National Institute for Nuclear
Physics and High Energy Physics (NIKHEF) at high energy resolution and
low removal energy Emin < E . 20MeV [37] and (c) the Jefferson Laboratory
(JLab) facilities at high values of the removal energy Emin < E . 200MeV ;
the black area is attributed to SRC [38].
12
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resolution experiments [37] demonstrated the occupation [36] of both p3/2 and
p1/2 shells, as a result of long range correlations (configuration mixing [39]).
The occupation numbers of the valence protons in various nuclei obtained
from (e, e′p) reactions are summarized in Fig. 1.7. It can be seen that
Figure 1.7: Spectroscopic strength for knocked out valence protons measured
with the reaction (e, e′p) relative to independent particle shell model predic-
tion [40].
the occupation probability of the least bound (’valence’) nucleons is about
0.6 − 0.7; it strongly deviates from one, i.e. from the prediction of the
independent particle shell model. Such a large deviation cannot however be
explained only by long range correlations which, as depicted in Fig. 1.6,
involve excitation energies of tenth of MeV. It has been argued that the
deviation is evidence of SRC which, by populating highly excited states,
strongly deplete shell model states below the Fermi sea.
It should be pointed out that, for decades, understanding the role played
13
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by SRC in nuclei has been a very elusive problem of nuclear physics, due
to the difficulties in isolating the signal of SRC. As a matter of fact, at low
and medium energies, effects due to the final state interaction of the knocked
out nucleon with the residual system, as well as effects from the excitation
energy of hit nucleon, could produce the same final state as the one which is
expected to be produced by an initially correlated pair. Investigating SRC
thus requires high energy probes, in order to cover kinematical regions with
Q2 > 1 (GeV/c)2 , xBj =
Q2
2mNν
> 1 (1.29)
which are available in modern lepton and hadronic accelerators like, e.g.,
JLab (USA), GSI (Germany) and JPARC (Japan). In Eq. (1.29), Q2 is the
four-momentum squared of the virtual photon, ν is the energy transfer, mN
is the nucleon mass, and xBj is the Bjorken scaling variable.
It is only recently that such experiments could be performed, and the exci-
tation strength due to SRC could be observed (cf. Fig. 1.6).
1.2.2 Exclusive lepton scattering: the A(e, e′pN)X re-
action
Experimentally, high momentum probes can knock out a proton off a nucleus,
leaving the rest of the system nearly unaffected. If, on the other hand, the
proton being struck is part of a correlated pair, the high relative momentum
in the pair leads the correlated nucleon to recoil and be ejected and detected,
as pictorially shown in Fig. 1.8. This triple coincidence experiments have
been performed on 12C targets, both at Brookhaven National Laboratory
(BNL) using incident protons [41, 42, 43], and at Jefferson Laboratory (JLab)
by using electrons [5].
The BNL experiment EVA (E850) studied the process
p+12 C → 2p+ n+X (1.30)
with proton beam momentum p ranging from 6GeV/c up to 9GeV/c.
In the final state, the scattered proton, with momentum p′, and the knocked
out proton, with momentum
pf ≃ q = p− p
′ (1.31)
where q is the momentum transfer, are detected. By assuming that the
knocked out proton leaves the nucleus without interacting with the residual
system (A− 1), one has
pf = pi + q . (1.32)
14
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Figure 1.8: A simple cartoon to illustrate the A(e, e′pN)X reaction. The
incident electron couples to a nucleon-nucleon pair via a virtual photon. In
the final state, the scattered electron and struck nucleon are detected along
with the correlated nucleon that is ejected from the nucleus [5].
By introducing the so-called missing momentum
pm ≡ q− pf (1.33)
one has
pm = PA−1 = −pi (1.34)
as shown in Fig. 1.9.
If the knocked out nucleon was initially correlated with a neutron, with the
nucleus (A − 2) almost at rest, one should observe and detect the recoiling
neutron with momentum
pn = −pi = pm . (1.35)
Within these assumptions, by plotting the momentum pn of the recoiling
neutron as a function of the cosine of the angle between pi and pn, i.e.
cos γ =
pi · pn
|pi||pn|
(1.36)
15
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(a)
(b)
Figure 1.9: Two simple cartoons to illustrate the 12C(p, p′pn)X reaction stud-
ied at BNL. (a) The incident and the struck protons, with initial momenta
p and pi, and final momenta p
′ and pf , respectively, are detected in coinci-
dence with a neutron with momentum pn; (b) The same process, viewed also
in terms of the missing momentum pm and the three-momentum transfer q.
The notation for angles is self explaining.
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which is known as the number of directional correlations, one should observe,
at high values of the momentum pn, a strong back-to-back directional corre-
lation between pi and pn, due to SRC, which has indeed been observed, as
shown in Fig. 1.10.
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Figure 1.10: The correlation between pn and its direction γ relative to pi.
Data labeled by 94 and 98 are from Refs. [41, 42]. The dotted vertical line
indicates the Fermi momentum kF = 0.221GeV/c. After Ref. [43].
In Ref. [42, 43, 44], the ratio
F =
Number of (p,2pn) events(pi, pn > kF )
Number of (p,2p) events(pi > kF )
. (1.37)
has bee extracted from these data. Eq. (1.37) represents the measure of
correlation of backward neutrons with initial momentum pn ∼ −pi, when
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|pn|, |pi| ≥ kF ; by determining the ratio (1.37) it has been demonstrated
that 92+8−18% of protons in
12C with momenta pi ≥ 275MeV/c are partners
in n-p SRC pairs.
Figure 1.11: The fractions of SRC pair combination in 12C, resulting from
(e, e′pp) and (e, e′pn) reactions performed at JLab [5], as well as from BNL
(p, 2pn) data [41, 42, 43]. The results show the dominance of p-n pairs [5].
The Jefferson Lab experiment has demonstrated that nearly all nucleons in
12C with momentum in the range 300-600MeV/c have a correlated nucleon
partner with roughly equal and opposite momentum [5, 38]. By comparing
n-p to p-p pairs yields, it has also been found that SRC are mainly due
to n-p pairs, whose probability results of the order of 18 ± 5, as shown in
Fig. 1.11 [5]. Calculations explain the magnitude of this n-p to p-p ratio
as arising from the short range tensor part. Both experiments have shown
that recoiling nucleons, with a momentum above the Fermi sea level in the
nucleus, are part of a correlated pair, and both observed the same strength
of p-n correlations. This confirms that the process is accessing a universal
property of nuclei, unrelated to the probe [45].
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1.2.3 Inclusive lepton scattering: the A(e, e′)X reaction
The high energy A(e, e′)X reaction depicted in Fig. 1.12, i.e. the process in
which only the scattered electron is detected, represents the simplest reaction
to investigate SRC and, in particular, to measure the probabilities of SRC in
nuclei.
Figure 1.12: A simple picture of the A(e, e′)X process. An electron with
momentum k knocks out a nucleon N with final momentum pf and, after
interaction, is detected with momentum k′. The knocked out nucleon is not
detected.
In Ref. [6, 7] it has been supposed that, at high momentum transfer, the
inclusive cross section off a nucleus A can be written as follows
σA(xBj , Q
2) =
A∑
j=2
aj(A)
j
σj(xBj , Q
2) (1.38)
where σA(xBj , Q
2) is the electron-nucleus cross section, written in terms of
the 4-momentum transfer and the Bjorken scaling variable xBj , σj(xBj , Q
2)
is the inclusive cross section off a correlated cluster of j-particles, and, even-
tually, the quantity aj(A) is the probability of finding a nucleon in the cluster
j. By this way, one expects that the inclusive cross section is dominated, at
1 . xBj . 2, by the absorption of the virtual photon on a pair of corre-
lated nucleons and by the elastic rescattering in the continuum, whereas, at
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2 . xBj . 3, it is governed by three-nucleon correlations (3NC), and so on.
In the process under analysis, as shown in Fig. 1.12, an electron beam with
momentum k, knocks out from the nucleus A, a nucleon with final four-
momentum given by the following energy and momentum conservation
p2f = (q + PA − PA−1)
2 = m2N (1.39)
where q is the four-momentum transfer, PA and PA−1 are the momenta of
the target nucleus and the residual system (A− 1), respectively, and mN is
the nucleon mass; as already pointed out, after interaction only the scattered
electron, with momentum k′, is detected. In Fig. 1.13, the minimum value
of the missing momentum
pm = q− pf = PA−1 (1.40)
defined in terms of the the three-momentum transfer q = k − k′ and the
momentum of the residual system PA−1, is plotted versus the Bjorken scaling
variable xBj . It can be clearly seen that, for any nucleus A and fixed Q
2,
the minimum recoil momentum |pminm | increases with xBj , and exceeds the
average Fermi momentum in nucleus A at xBj > x
0
Bj , the latter depending
upon the nucleus [46]. As already pointed out, SRC correspond to high
momentum components of the nuclear wave function, therefore, with the
gradual increase of xBj , the virtual photon should first probe high momentum
configurations due to 2NC and then, following Eq. (1.38), at xBj > 2, it
should probe 3NC [6, 7].
To avoid the difficulties due to the theoretical calculations of electron off-shell
nucleon cross section, inclusive data from JLab-HallB have been analyzed
[4, 46] not directly in terms of cross sections, but by taking the cross section
ratios of 4He, 12C and 56Fe to 3He.
The experimental cross section ratio of nucleus A to the nucleus 3He
r(A,3He) =
2σep + σen
Zσep +Nσen
σ(A)
σ(3He)
(1.41)
plotted versus the Bjorken scaling variable xBj , is shown in Fig. 1.14. In Eq.
(1.41), σ(A) and σ(3He) are theA(e, e′)X and 3He(e, e′)X inclusive cross sec-
tions, respectively, and σep and σen are the elementary elastic electron-proton
and electron-neutron scattering cross sections. Three different kinematical
regions are clearly seen:
• xBj . 1.5: here the shape of the ratio is governed by the different
behavior of the magnitude of the quasi elastic peak in different nuclei
(higher peaks for light nuclei, and lower peaks for heavy nuclei);
20
1.2. Experimental investigation of long and short range
correlations in nuclei
0
0.2
0.4
0.6
0.8
1
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
|P m
m
in
|, G
ev
/c
0.5
1.0
1.5
2.0
2.5
3.0
4.0
Q2
↑
a)
0
0.2
0.4
0.6
0.8
xB
|P m
m
in
|, G
ev
/c
A>12
4He
3He
D
b)
Figure 1.13: The minimum recoil momentum versus the Bjorken scaling vari-
able xBj for a) Deuteron, calculated at several Q
2 [GeV 2],and for b) different
nuclei at Q2 = 2.0GeV 2. Horizontal lines at 250MeV/c indicate the Fermi
momentum typical of uncorrelated motion of nucleons in nuclei [46].
• 1.5 . xBj . 2: this plateaux is interpreted as evidence of two-nucleon
correlations (2NC), which in complex nuclei and in 3He should differ
only by a scale factor;
• 2 . xBj . 3: the presence of a second plateaux is interpreted as
evidence of 3NC.
The relative per-nucleon probabilities a2(A,
3He) and a3(A,
3He) of finding,
respectively, 2NC and 3NC in nuclei relative to 3He, extracted from the
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probabilities of 2N and 3N SRC in nucleus A relative to 3He. After Ref. [4].
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experimental results shown in Fig. 1.14, are listed in Table 1.1. Here also
shown are the absolute (per-nucleon) values a2(A) and a3(A) of the same
probabilities in nucleus A, calculated in Ref. [4] from
a2(A,
3He) =
a2N (A)
a2N (3He)
(1.42)
a3(A,
3He) =
a3N (A)
a3N (3He)
(1.43)
by using realistic wave functions of 3He and Deuteron nuclei.
A a2(A,
3He) a2N (A) (%) a3(A,
3He) a3N (A) (%)
3 1 8.0± 1.6 1 0.18± 0.06
4 1.93± 0.01± 0.03 15.4± 3.2 2.33± 0.12± 0.04 0.42± 0.14
12 2.49± 0.01± 0.15 19.8± 4.4 3.18± 0.14± 0.19 0.56± 0.21
56 2.98± 0.01± 0.18 23.9± 5.3 4.63± 0.19± 0.27 0.83± 0.27
Table 1.1: The relative per-nucleon probabilities a2(A,
3He) and a3(A,
3He)
of 2NC and 3NC in nucleus A relative to 3He, and the absolute value a2N (A)
and a3N (A) of the same probabilities in nucleus A (in %), from Ref. [4].
Errors shown are statistical and systematic for a2 and a3, and are combined
(but systematic dominated) for a2N and a3N .
It should be pointed out that no direct calculations of the inclusive cross
section ratio shown in Fig. 1.14 have been performed so far. These calcu-
lations would represent a relevant contribution towards the solution of the
longstanding problem concerning the role played by SRC in nuclei.
In this Thesis, preliminary results of the calculation of the inclusive ratio
r(56Fe/3He) will be given in Chapter 5, and a new approach [47] to inclusive
electron scattering at high momentum transfer will be illustrated.
1.3 Relevance of short range correlations in
various fields
As shown in Fig. 1.5, SRC can lead, in small portion of time, to local den-
sities in nuclei comparable with those in the core of neutron stars, i.e. up to
∼ 7 times the average nuclear density ρ0 ∼ 0.17N/fm3. Moreover, combin-
ing the results of the various experiments we have illustrated, the probability
of finding nucleons in 12C which move in an average potential has been found
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Figure 1.15: Probability of finding shell model and correlated nucleons in
12C. After Ref. [5].
to be of the order of ∼ 80%, whose ∼ 60-70% due to shell model potential,
whereas ∼ 10-20% due to long range correlations; the remaining 20% repre-
sents the SRC contributions, which are dominated by p-n correlations, due
to the strong tensor force which acts between a n-p pair and does not act in
n-n and p-p pairs, as shown in Fig. 1.15 [5].
Obtaining information on SRC phenomena in nuclei would have a strong im-
pact on various fields of physics, e.g. in particle-, nuclear- and astro-physics.
Let us briefly illustrate some of them:
- NN interaction: NN interaction processes at large and intermediate
distances are well described in terms of meson exchange, as shown in
Fig. 1.16, but such a picture does not allow a proper description of
the strongly repulsive NN interaction at short distances. Therefore
understanding SRC in nuclei should allow a deeper knowledge of the
NN force [48].
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Figure 1.16: Hierarchy of scales governing the NN interaction. The distance
r is given in units of the pion Compton wavelength µ−1 ≃ 1.4fm. After Ref.
[48].
- Cold dense nuclear matter: the density between correlated nucleons is
similar to the one in cold dense nuclear objects, as neutron stars, thus
a deep understanding of SRC effects should lead to the formulation of
a realistic equation of state for such systems. As shown in Fig. 1.17,
the core of neutron stars, neglecting SRC, could be well approximated
by two independent Fermi gases: the prevalent one constituted by neu-
trons, and the smallest one by protons. Even if the number of protons
is small, the strong n-p correlation acts towards the coupling of the
two Fermi liquids, thus affecting the equation of state. Moreover, it
becomes worth analyzing the role played by SRC phenomena in the
URCA processes
n→ p+ e+ ν¯e (1.44)
e + p→ n+ νe (1.45)
which involve neutrino νe and antineutrino ν¯e emission, leading to
changes in the physical properties of the system [2].
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Figure 1.17: Illustration in momentum space of the momentum distribution,
kF , of protons and neutrons in neutron stars. The left side shows the case
where the protons and neutrons weakly interact and can be approximated as
separate Fermi spheres, with the neutron momentum much greater than the
proton momentum. The figure on the right shows how strong neutron proton
SRC cause protons to escape their Fermi sphere and have higher momentum
then would otherwise be allowed. After Ref. [45].
- Hadron properties: another important problem in modern nuclear physics
is given by the modifications of hadron properties such as masses and
radii in the nuclear medium. The nuclear EMC effect, i.e. the change
in the inclusive deep inelastic structure function of a nucleus relative
to that of a free nucleon, induces such modifications, which are of fun-
damental importance in understanding implications of quantum chro-
modynamics (QCD) for nuclear physics. As recently shown, possible
modifications of nucleon properties induced by the medium can be bet-
ter studied by analyzing the short range properties of nuclei [49].
- QCD: another open problem in modern nuclear and particle physics
which could be answered by investigating SRC, concerns the role played
by quark and gluon degrees of freedom in nuclear matter at distances,
as depicted in Fig. 1.18, which are expected to be most relevant in this
interaction range.
- High energy scattering processes: recently it has been shown [50, 51]
that high energy diffraction effects in nuclei are strongly affected by
SRC, which appear to be of the same order as Gribov inelastic shadow-
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Figure 1.18: Distances between correlated nucleons are so close that non
nucleonic degrees of freedom should reveal themselves.
ing [52]. An example is given in Fig. 1.19 by the total neutron-Nucleus
cross section.
A deep comprehension of SRC phenomena is mainly addressed to answer the
following questions:
• What is the percentage of finding correlated nucleons in nuclei?
• What is the relevance of three nucleon SRC in nuclei?
• What is the ratio of pp to nn pairs?
• Are tensor forces relevant for SRC?
• Are these nucleons different from free nucleons?
• Which type of analysis should be used in order to obtain information
on SRC?
The increasing interest of the scientific community towards the comprehen-
sion of SRC in nuclei can be stressed by the large number of conferences
and workshops organized in the last year. Some examples are shown in Figs.
1.20-1.23.
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Figure 1.19: The neutron-nucleus total cross section, for 4He, 12C, 16O and
208Pb. Left panel : the result without the inclusion of correlations; dotted
curves: shell model contribution; dot-dashed curves: shell model contribution
plus inelastic shadowing effects. Right panel : results with the inclusion of
correlation. Dotted curves: shell model contribution; dashed curves: shell
model contribution plus two-nucleon correlations; solid curves: shell model
contribution plus two-nucleon correlations plus inelastic shadowing effects.
Experimental data from [53, 54]. After Ref. [50].
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Figure 1.20: 2009 Mini-symposium on Nuclear Structure at Short
Distances I, held within the American Physical Society April Meeting, May
2− 5, 2009, Denver (USA) [47, 55].
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Figure 1.21: Short-range correlation and tensor structure at J-
PARC, September 25, 2009, KEK Tsukuba (Japan) [56].
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Figure 1.22: The Jefferson Laboratory Upgrade to 12 GeV, September
14 - October 16 & October 26 - November 20, 2009, INT Seattle (USA) [57].
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Figure 1.23: Probing Hadron Structure from Hard Exclusive Pro-
cesses, November 9− 11, 2009, Garching (Germany) [58].
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Chapter 2
The spectral function and the
nucleon momentum
distributions: two- and
three-nucleon correlations
Introduction
In order to introduce our new approach to the inclusive cross section, it
is necessary to recall some basic concepts and general properties about the
spectral function and the nucleon momentum distributions.
2.1 The spectral function
The one-body spectral function, which is defined as follows (see e.g. [59])
PA(k, E) =
1
2J + 1
∑
M,σ
< ΨA
∣∣∣a†kσ δ (E − (H − EA)) akσ∣∣∣ΨA > (2.1)
represents the joint probability distribution of finding in the target nucleus
a nucleon with momentum k ≡ |k| and removal energy
E = Emin + E
∗
A−1 = mN +MA−1 −MA + E
∗
A−1 . (2.2)
Here, a†kσ and akσ are creation and annihilation operators of a nucleon with
momentum k and spin σ, respectively; H is the intrinsic Hamiltonian of A
interacting nucleons; Ψ0A is the ground state eigenfunction with eigenvalue
EA, total angular momentum J and projection M ; eventually, mN is the
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mass of the nucleon, MA the mass of the target nucleus, and MA−1 the mass
of the system (A−1), with excitation energy E∗A−1. In what follows, for ease
of presentation, the absolute value of a vector a will be indicated as a ≡ |a|.
By placing in Eq. (2.1) the completeness relation∑
f
|ΨfA−1 >< Ψ
f
A−1| = 1 (2.3)
the spectral function becomes
PA(k, E) =
1
2J + 1
∑
M,σ
∑
f
∣∣∣< ΨfA−1|akσ|Ψ0A >∣∣∣2 δ (E − (EfA−1 − EA))
=
1
(2π)3
1
(2J + 1)
∑
M,σ
∑
f
∣∣∣∣∫ eık·zGMσf (z)dz∣∣∣∣2
× δ
(
E − (EfA−1 − EA)
)
(2.4)
where ΨfA−1 is the intrinsic eigenfunction of the final state f of the Hamilto-
nian HA−1 with eigenvalue
EfA−1 ≡ |EA−1|+ E
∗
A−1 (2.5)
and GMσf (z) is the overlap integral
GMσf (z) =< χ
1/2
σ ,Ψ
f
A−1(x, . . . ,y)|ΨA(x, . . . ,y, z) > (2.6)
where χ
1/2
σ is the two-component Pauli spinor of the nucleon. Since the set
of states f also includes the continuum states of the residual (A−1)-nucleon
system, the sum over f in Eq. (2.4) stands for summation over the discrete
states of the (A−1) system and integration over the continuum states. Thus
the spectral function exactly includes all final states interactions in the states
of the (A− 1) system, the only plane wave being that describing the relative
motion of the knocked out nucleon and the (A− 1) system.
The spectral function obeys the normalization condition∫
PA(k, E)dk dE = 1 (2.7)
and, owing to Eq. (2.1), it can be written as follows
PA(k, E) = PA0 (k, E) + P
A
1 (k, E) (2.8)
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where the contributions from different final nuclear states have been explicitly
separated out, namely
PA0 (k, E) =
1
(2π)3
1
(2J + 1)
∑
M,σ
∑
f<c
∣∣∣∣∫ eık·rGMσα (r)dr∣∣∣∣2
× δ
(
E − (EfA−1 −EA)
)
(2.9)
includes the ground and one-hole states of the (A− 1)-nucleon system, and
PA1 (k, E) =
1
(2π)3
1
(2J + 1)
∑
M,σ
∑
f>c
∣∣∣∣∫ eık·rGMσα (r)dr∣∣∣∣2
× δ
(
E − (EfA−1 −EA)
)
(2.10)
more complex highly excited configurations generated in the target ground
state by NN correlations. Here f < c (f > c) means that all final states of
the residual system below (above) the continuum threshold are considered.
2.2 The nucleon momentum distribution
By definition, the calculation of the spectral function requires the knowl-
edge of the whole set of final states ΨfA−1. The calculation of the nucleon
momentum distribution requires, on the contrary, only the knowledge of the
ground state wave function. As a matter of fact, the momentum distribution
is defined as follows
nA(k) =
1
2π2
∫
dz dz′ eı k·(z−z
′) ρ(z, z′) (2.11)
where
ρ(z, z′) =
∫
dx . . . dy
[
Ψ0A(x . . .y, z)
]∗
Ψ0A(x . . .y, z
′) (2.12)
is the non diagonal one-body density matrix.
The spectral function and the momentum distributions are related by the
momentum sum rule
nA(k) = 4π
∫ +∞
Emin
PA(k, E) dE (2.13)
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which is readily obtained by inserting the completeness relation (2.3) in Eq.
(2.12).
Within the decomposition rule given by Eq. (2.8), one has
nA(k) = nA0 (k) + n
A
1 (k) (2.14)
with
nA0 (k) = 4π
∫ +∞
Emin
PA0 (k, E) dE =
1
2π2
1
(2J + 1)
∑
M,σ
∣∣∣∣∫ eık·z GMσ0 (z)dz∣∣∣∣2
(2.15)
and
nA1 (k) = 4π
∫ +∞
Emin
PA1 (k, E) dE =
1
2π2
1
(2J + 1)
∑
M,σ
∑
f 6=0
∣∣∣∣∫ eık·z GMσf (z)dz∣∣∣∣2 .
(2.16)
The integral of the nucleon momentum distributions yields the spectroscopic
factors (or occupation probabilities)
S0 ≡
∫ +∞
0
dk k2 nA0 (k) (2.17)
and
S1 ≡
∫ +∞
0
dk k2 nA1 (k) (2.18)
which, owing to the normalization condition∫ +∞
0
dk k2 nA(k) = 1 (2.19)
satisfy the relation
S0 + S1 = 1 . (2.20)
Note that, in the independent particle shell model description, as will be
discussed in more detail in §2.3, the spectral function PA0 (k, E) can be written
as follows
PA0 (k, E) =
1
4πA
∑
α
Aαnα(k) δ(E − |ǫα|) (2.21)
where ∫ +∞
0
k2 dk nα(k) = 1 (2.22)
and Aα is the number of nucleons in the state α (A =
∑
α Aα) with removal
energy ǫα and nucleon momentum distribution nα(k).
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Figure 2.1: The nucleon momentum distribution n(k) ≡ n16(k) vs. the
momentum k. The dotted line is the mean field contribution, the dashed line
the one arising from central forces, and the long line includes both central
and tensor forces. The full dotts are the results of the Variational Monte
Carlo approach [33]. After Ref. [31].
In Fig. 2.1, the correlated nucleon momentum distributions resulting from
the cluster expansion techniques discussed in §1.1 [31] are compared with the
mean field component and the variational Monte Carlo calculations [33], in
case of 16O. It can be clearly seen that the mean field distributions almost
totally exhaust the low momentum part of nA(k), and drop to zero at k ≥
1.5−2fm−1; on the contrary, because of NN correlations, the high momentum
tails are entirely governed by tensor forces, acting in T = 0 and S = 1 states
which, at high momenta, are several orders of magnitude larger than the
predictions from shell model calculations. Moreover, as shown in Fig.
2.2 and, more clearly, in Fig. 2.3, apart from a scaling factor, the nucleon
momentum distributions nA(k) seem to be almost independent of the atomic
weight A; thus, a simple model for the nucleon momentum distributions
nA(k) could be written as follows [60]
nA0 (k) =
1
4πA
∑
α<αF
Aα n˜α(k) (2.23)
nA1 (k) = C
A nD(k) (2.24)
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Figure 2.2: The nucleon momentum distributions nA(k) for nuclei ranging
from 2H to Nuclear Matter (NM). It can be seen that, at high values of the
momentum k, nA(k) can be considered as a rescaled version of the momentum
distributions of 2H . After Ref. [60, 35].
where, because of the effects of correlations, which depopulate states below
the Fermi sea, one has ∫ +∞
0
k2 dk nA0 (k) < 1 (2.25)
and ∫ +∞
0
k2 dk nA1 (k) > 0 . (2.26)
Here the low momentum component, owing to (2.13), is nothing but Eq.
(2.21) integrated over the removal energy E, with the shell model momen-
tum distribution nAα replaced by the modified ones which takes into account
the effects of correlations; on the contrary, the high momentum part is noth-
ing but the Deuteron nucleon momentum distribution nD(k) rescaled by a
constant CA, which depends on the nucleus A under consideration, and whose
values are listed in Table 2.1. We call such a behavior Deuteron scaling.
Deuteron scaling is even more pronounced in the the two-nucleon momentum
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Figure 2.3: The ratio nA(k) to the Deuteron momentum distribution nD(k).
After Ref. [60].
Nucleus 3He 4He 12C 16O 40Ca 56Fe 208Pb NM
CA 1.9 3.8 4.0 4.2 4.4 4.5 4.8 4.9
Table 2.1: Values of the constant CA appearing in Eq. (2.24).
distributions, defined as follows
nN1 N2(k1,k2) =
1
(2π)6
∫
dz1dz2dz
′
1dz
′
2e
ı k1(z1−z′1)eı k2(z2−z
′
2
)ρN1 N2 (z1, z2, z
′
1, z
′
2)
(2.27)
which have recently been calculated in Refs. [9, 31].
The knowledge of nN1 N2(k1,k2) allows one to calculate the relative and center
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of mass (CM) momentum distributions of a two-nucleon pair N1 N2, i.e.
nN1 N2rel (krel) =
∫
dkCM n
N1 N2
(
krel +
kCM
2
,−krel +
kCM
2
)
(2.28)
nN1 N2CM (kCM) =
∫
dkrel n
N1 N2
(
krel +
kCM
2
,−krel +
kCM
2
)
(2.29)
where
krel ≡
k1 − k2
2
kCM ≡ k1 + k2 (2.30)
are the relative and CM momenta of the pair N1-N2, respectively, with k1
and k2 being measured from the CM of the system, and
ρN1 N2 (z1, z2, z
′
1, z
′
2) ≡
∫
dx . . .y
[
Ψ0A (x . . .y, z1, z2)
]∗
Ψ0A (x . . .y, z
′
1, z
′
2)
(2.31)
is the off-diagonal two-body density matrix.
Deuteron scaling can be clearly seen in Figs. 2.4, 2.5 and 2.6, where the
quantity n(krel,kCM = 0), describing back-to-back nucleons, is plotted versus
the relative momentum krel. These figures clearly illustrate the dominant
role of the tensor forces in producing a substantial difference between p-n
and p-p two-nucleon momentum distributions, both in few-nucleon systems
and complex nuclei.
In Ref. [10], the following ratio
PpN =
∫ b
a
dkrelk
2
rel npN(krel, 0)∫ b
a
dkrelk2rel [npp(krel, 0) + npn(krel, 0)]
(2.32)
which represents the percentage probability of finding a p-n pair in the nu-
cleus A, has been calculated. The results, listed in Table 2.2, show that PpN
is proportional to the percentage of p-N pairs, when integration runs over
the whole range of krel; on the contrary, when integration is limited to the
correlation region, the percentage of p-n pairs results much larger than that
of p-p pairs, which is a clear consequence of the effects of the tensor forces
acting between a proton and a neutron.
2.2.1 The saturation of the momentum sum rule
A relevant relationship between high momentum and high removal energy
components can be obtained by considering the partial momentum distribu-
tion [62]
nAf (k) ≡ 4π
∫ Ef
Emin
dE PA(k, E) (2.33)
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Figure 2.4: The n-p (lines) and p-p (symbols) two-nucleon momentum distri-
butions ρNN (q, Q) ≡ n(krel, kCM) in various nuclei as functions of the relative
momentum q ≡ krel at vanishing total pair momentum Q ≡ kCM . After Ref.
[9].
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Figure 2.5: The n-p (lines) and p-p (symbols) momentum distributions in 4He
obtained with different Hamiltonians. Also shown is the scaled momentum
distribution for the AV18 Deuteron; its separate S- and D-wave components
are shown by dotted lines. After Ref. [9].
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Figure 2.6: The two-nucleon momentum distributions n(krel, kCM = 0) vs.
the momentum krel, for
12C (upper panel) and 40Ca (lower panel). After
Ref. [10].
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A Ppp (%) [0,∞] Ppn (%) [0,∞] Ppp (%) [1.5, 3.0] Ppn (%) [1.5, 3]
4 19.7 81.3 2.9 97.1
12 30.6 69.4 13.3 86.7
16 29.5 70.5 10.8 89.2
40 31.0 69.0 24.0 76.0
Table 2.2: The p-p and p-n percentage probability given by Eq. (2.32) eval-
uated in the momentum range shown in square brackets in fm−1. After Ref.
[61].
where the upper limit of integration Ef can be varied from Emin to ∞. By
definition, Eq. (2.33) represents that part of nA(k) which is due to final
(A− 1)-nucleon states with E ≤ Ef . In the limit Ef →∞ one gets
nAf (k)→ n
A(k) (2.34)
and the momentum sum rule given by Eq. (2.13) is recovered. Thus the
behavior of nAf (k) as a function of Ef provides information on the saturation
of the momentum sum rule and the relevance of binding effects.
The saturation of the momentum sum rule for 3He [62] and Nuclear Matter
[65] is shown in Fig. 2.7, using realistic spectral functions. It can be clearly
seen that, at k < 1.5 fm−1, the momentum sum rule is saturated already at
values of Ef very close to Emin, whereas at k > 1.5fm
−1, on the contrary, the
momentum sum rule is saturated only when high values of Ef are considered.
This can be explained in terms of the spectral function PA(k, E) appearing in
Eq. (2.33) which, at low momenta, is dominated by its component PA0 (k, E),
whose strength is almost totally concentrated at low values of the removal
energy; at high momenta, on the contrary, it depends upon PA1 (k, E), spread,
for a given k, over a wide range of values of E.
2.2.2 Probabilities of independent particle and corre-
lated momentum components
Let us define
S˜0 ≡
∫ +∞
k∗
dk k2 nA0 (k) (2.35)
and
S˜1 ≡
∫ +∞
k∗
dk k2 nA1 (k) (2.36)
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Figure 2.7: The saturation of the momentum sum rule in 3He (a) and infi-
nite nuclear matter (b). The dotted and solid lines correspond to the mo-
mentum distribution nA0 (k) and to the total momentum distribution n
A(k),
respectively. In case of 3He the dot-dashed, dashed, and long dashed lines
correspond to Eq. (2.33) calculated at Ef = 17.75, 55.5, 305.5MeV , whereas
for nuclear matter the dot-dashed and dashed lines correspond to Ef = 100
and 300MeV , respectively. The spectral function for 3He is from Ref. [62],
and for nuclear matter from Ref. [63, 64]. After Ref. [60].
as the probability of finding independent particle and correlated momentum
components in nucleon momentum distributions, with k∗ ranging from 0 to
∞. When k∗ = 0, the spectroscopic factors given by Eqs. (2.17) and (2.18)
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are recovered.
The values of these two quantities, calculated for different values of k∗ and
for different nuclei, are listed in Table 2.3. It can be seen that:
4He 12C 56Fe
k∗ [fm−1] S˜0 S˜1 S˜0 S˜1 S˜0 S˜1
0.00 0.80 0.20 0.80 0.20 0.80 0.20
0.25 0.75 0.19 0.78 0.19 0.78 0.19
0.50 0.55 0.17 0.69 0.18 0.69 0.19
0.75 0.31 0.14 0.48 0.15 0.45 0.17
1.00 0.14 0.12 0.24 0.13 0.17 0.15
1.50 1.5 10−2 8.3 10−2 2.1 10−2 8.5 10−2 2.7 10−3 0.11
2.00 7.4 10−4 6.1 10−2 6.2 10−4 6.1 10−2 2.5 10−6 7.5 10−2
Table 2.3: Eqs. (2.35) and (2.36) calculated at different values of the mo-
mentum k∗, for 4He, 12C and 56Fe.
• when the whole range of the momentum k is considered, the probability
of finding independent particle low momentum shell model components
is much larger than the probability to find correlated high momentum
components;
• for 0.75 . k∗ . 1.50 fm−1 the contribution from shell model and
correlated nucleons is comparable;
• for k∗ & 1.50fm−1 the probability of finding shell model nucleons is still
different from zero, but orders of magnitude less than the probability
due to correlated nucleons.
Let us now discuss in more detail the low and high momentum components
of the nuclear wave function.
2.3 Low momentum components and the mean
field structure of the nuclear wave func-
tion
Eq. (2.9) yields the probability distribution that the final (A − 1)-nucleon
system is left into its ground state, i.e. with EfA−1 = 0 and E = Emin.
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As already pointed out, the shell model spectral function can be written as
follows
PASM(k, E) =
1
4πA
∑
α
Aαn
SM
α (k) δ(E − |ǫα|) (2.37)
with Aα denoting the number of nucleons in the state α with removal energy
ǫα and nucleon momentum distribution nα(k). At the same time, one has
PA1 (k, E) = 0 (2.38)
In Eq. (2.37), the sum over α runs only over the hole states of the target,
which means that the occupation probability Sα is
Sα ≡
∫ ∞
0
k2 dk nSMα (k)
{
= 1 for α < αF
= 0 for α > αF
(2.39)
The main effect of NN SRC is to deplete states below the Fermi level and
to make the states above the Fermi level partially occupied. By such a
mechanism
PA0 (k, E) 6= P
A
SM(k, E) (2.40)
and
PA1 (k, E) 6= 0 (2.41)
Disregarding the finite width of the states below the Fermi level, the modified
shell model contribution can be written as
PASM(k, E) =
1
4πA
∑
α<αF
Aαn˜α(k) δ(E − |ǫα|) (2.42)
where the occupation probability for hole states is
Sα ≡
∫ ∞
0
k2dkn˜α(k) < 1 (2.43)
Eq. (2.42) drops down very quickly for k > kF and E > EF , where the
spectral function behavior is governed by NN correlations, and thus by its
correlated component PA1 (k, E).
2.4 Two-nucleon correlations
In Fig. 2.8(a) the spectral function of 3He corresponding to the AV18 inter-
action [20] is shown versus the momentum k and the removal energy E. A
typical feature of the spectral function, common also to the spectral function
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(a) (b)
Figure 2.8: (a) The 3He spectral function corresponding to the AV18 poten-
tial [20]; (b) Some cuts of the spectral function P (k, E) at high values of k
and E. After Ref. [66, 67].
of Nuclear Matter [63, 64], is that it exhibits, at high values of k and E,
broad peaks located at
E∗A−1 ≃
A− 2
A− 1
k2
2mN
(2.44)
and whose width increases with k, as clearly exhibited in Fig. 2.8(b), where
some cuts of PA(k, E) are shown. Eq. (2.44) is generated by 2NC in nu-
clei, as will be demonstrated in what follows, by illustrating different model
developed in the last few years, differing in the description of the nucleon
configurations inside the nucleus. To this end, in Fig. 2.9, a simple cartoon
of a target nucleus A and its nucleon constituents is given.
2.4.1 The naive two-nucleon correlation model
In Ref. [6, 7], a first microscopic model leading to Eq. (2.44) has been
proposed. It is based upon the assumption that, referring to Fig. 2.10, the
high momentum k1 ≡ k of nucleon ’1’ is entirely balanced by the momentum
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Figure 2.9: A momentum description of a nucleus A. Nucleon ’1’, also called
the ”active” nucleon, has momentum k1 ≡ k, and the nucleus (A−1) consists
of nucleon ’2’, with momentum k2 and nucleus (A − 2), with momentum
KA−2; the latter is defined in terms of nucleon ’3’ and nucleus (A− 3), with
momenta k3 and KA−3, respectively.
k2 ≃ −k of nucleon ’2’, whereas the residual spectator system has total
momentum KA−2 ≃ 0. Energy conservation for such a mechanism requires
that
E∗A−1 + E
R
A−1 ≃
k2
2mN
(2.45)
where
ERA−1 ≃
k2
2(A− 1)mN
(2.46)
is the recoil energy of the residual (A − 1)-nucleon system, whose intrinsic
excitation energy could therefore be written as
E∗A−1 ≃
A− 2
A− 1
k2
2mN
(2.47)
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Figure 2.10: The naive two-nucleon correlation model: the high momentum
k1 ≡ k of nucleon ’1’ is entirely balanced by the momentum k2 ≃ −k of
nucleon ’2’, with the system (A − 2) being at rest, i.e. with momentum
KA−2 ≃ 0.
Within such a picture, the nucleon spectral function simply reads as follows
PA2NC(k, E) =
n1(k)
4π
δ
(
E −E(2)thr −
A− 2
A− 1
k2
2mN
)
(2.48)
where
E
(2)
thr ≡ |EA| − |EA−2| (2.49)
is the two-nucleon breakup threshold, being |EA| and |EA−2| the (positive)
ground state energies of nucleus A and (A− 2).
2.4.2 The convolution formula
The naive 2NC model has been implemented in [60, 68], by assuming that
the momentum k1 ≡ k of nucleon ’1’ is not fully balanced by the momentum
k2 of nucleon ’2’, but also by the residual (A − 2) system, as depicted in
Fig. 2.11; in other words, it is assumed that the spectator system (A − 2)
moves with small momentum KA−2 6= 0. We will call such a configuration
few nucleon correlation (FNC) configuration.
Introducing the previously defined center of mass, kCM , and relative, krel,
momenta of the correlated pair as follows
kCM ≡ k1 + k2 = k+ k2 (2.50)
krel ≡
k1 − k2
2
=
k− k2
2
(2.51)
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Figure 2.11: The few nucleon correlation model: the high momentum k1 ≡ k
of nucleon ’1’ is entirely balanced by the momentum k2 of nucleon ’2’, and
by the momentum KA−2 of the residual system (A− 2), with KA−2 ≪ |k2|.
momentum conservation yields
k1 + k2 +KA−2 = 0 (2.52)
KA−2 = −kCM (2.53)
and energy conservation reads as follows
E−EfA−1+EA = E + |EA−2| −
|t2,(A−2)|
2
2µ2,(A−2)
− |EA| = E−
(
E
(2)
thr +
|t2,(A−2)|
2
2µ2,(A−2)
)
(2.54)
where
|t2,(A−2)|2
2µ2,(A−2)
=
(A− 2)
2mN(A− 1)
[
(A− 2)k2 −KA−2
(A− 1)
]2
(2.55)
is the energy of the relative motion of particles ’2’ and ’(A−2)’, i.e. the exci-
tation energy E∗A−1 of the residual (A− 1) system. In Eq. (2.55), eventually,
µ2,(A−2) =
A− 2
A− 1
mN (2.56)
is the reduced mass of particles ’2’ and ’(A− 2)’.
Given these assumptions, the spectral function, at high k and high E, has
been obtained in Ref. [60] by assuming that the ground state wave function
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of nucleus A factorizes as follows
Ψ0A({ri}A) ≃ Aˆ
 ∑
n,m,fA−2
an,m,fA−2 [Φn(x)⊗ χm(y)]⊗Ψ
fA−2
A−2 ({ri}A−2)

(2.57)
where
x = r1 − r2 y = r3 −
r1 + r2
2
(2.58)
are the relative and CM coordinates, respectively, with r3 ≡ RA−2, Aˆ is
a proper antisymmetrization operator, and ⊗ is a short-hand notation for
the standard Clebsh-Gordan coupling of orbital and spin angular momenta;
{Φn(x)} and {χm(y)} represent a complete set of states describing the rel-
ative and CM motion of the pair, and, eventually, Ψ
fA−2
A−2 ({ri}A−2) is the
complete set of states describing the (A− 2)-nucleon system.
As already explained, SRC correspond to the high momentum and high re-
moval energy components of the spectral function PA(k, E). In momentum
space, SRC are described by a correlated pair with a very high relative mo-
mentum krel > kF , and a low CM momentum kCM . kF ; the latter condition
justifies the choice of the CM motion in s-state, so that
Ψ0A({ri}A) ≃ Aˆ
χ0(y) ∑
n,fA−2
an,0,fA−2
[
Φ(x)⊗Ψ0A−2({ri}A−2)
] (2.59)
where χ0(y) describes the low momentum CM wave function in s-state. Since
the s-wave motion also implies that the system (A−2) is in the ground state
or in a low energy excited state, one can write, eventually, [60]
Ψ0A({ri}A) ≃ Aˆ
{
χ0(y)
[
Φ(x)⊗Ψ0¯A−2({ri}A−2)
]}
(2.60)
where
Φ(x) =
∑
n
an00Φn(x) (2.61)
describes the relative motion of the correlated pair in the nuclear medium. In
Eq. (2.60), fA−2 = 0¯ denotes the excitation spectrum of the system (A− 2)
which, since, as already pointed out, the CM of the pair involves only low
momentum components, have been mainly limited to the ground state and
to the (low-lying) excited states corresponding to configurations generated
by the removal of two particles from different shell model states of the target.
The above formalism leads to the following convolution formula, involving
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only the relative and CM momentum distributions of the correlated pair
PAFNC(k, E) = N2
∫
dk2 dKA−2 nrel
(
|k− k2|
2
)
nsoftCM (k+ k2)
× δ
(
E −E(2)thr −
(A− 2)
2M(A− 1)
(
(A− 2)k2 −KA−2
(A− 1)
)2)
× δ (k+ k2 +KA−2) (2.62)
where nrel and n
soft
CM are the momentum distributions of the relative and
center of mass motion of the two nucleons in a correlated pair, respectively,
and the other notations, following Fig. 2.9, are self explaining; eventually,
the factor N2 satisfies the normalization condition given by Eq. (2.7). We
stress once again that in such an approach, the residual (A − 2)-nucleon
system is assumed to be in its ground state, which implies that the CM of the
correlated pair moves with low momentum, so that only ”soft” components of
nCM contribute to the spectral function P
A
FNC , since we have seen in Chapter
2 that high momentum components of a nucleon are linked to high excitation
energies of (A− 1) and this has to be true also for the system (1-2)-(A− 2).
The naive 2NC model is recovered by placing
nCM(kCM) = δ(kCM) (2.63)
i.e. by assuming that the spectator nucleus is at rest.
Integrating Eq. (2.62) over k2 and the angular variables of KA−2, one gets
PAFNC(k, E) = N2
2πmN
k
∫ K+
A−2
K−
A−2
dKA−2 KA−2 nrel(k
∗
x) nCM(KA−2) (2.64)
where
K±A−2 =
A− 2
A− 1
|k ± k0| (2.65)
k0 =
√
2mN
A− 1
A− 2
[E − E(2)thr] (2.66)
k∗x =
√
Ak2 + (A− 2)k20
2(A− 1)
−
AK2A−2
4(A− 2)
(2.67)
The convolution formula (2.64) has been calculated in Ref. [60] by using the
following effective relative and CM nucleon momentum distributions
neffrel (krel) = C
A nD(krel) (2.68)
53
Chapter 2. The spectral function and the nucleon momentum
distributions: two- and three-nucleon correlations
Figure 2.12: The nucleon spectral function of 3He [12] and nuclear matter
[63, 64] versus the removal energy E for various values of the momentum
k. For 3He (a) the squares, full dots, and open dots correspond to k =
2.2, 2.8, 3.5 fm−1, respectively. For nuclear matter (b) the open squares, full
dots, open dots, and full squares correspond to k = 1.5, 2.2, 3.0, 3.5 fm−1,
respectively. The solid line correspond to the FNC theoretical calculation,
Eq. (2.64). After Ref. [60].
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Figure 2.13: The distribution of the cosine of the opening angle between
the missing momentum pm and prec = pCM − pm, for the pm = 0.55 GeV/c
kinematics. The histogram shows the distribution of random events. The
curve is a simulation of the scattering off a moving pair with a width of
0.136GeV/c for the pair CM momentum. After Ref. [38].
and
neffCM(kCM) =
(αCM
π
)3/2
e−αCM k
2
CM (2.69)
respectively, with the parameter αCM determined as explained in Ref. [60].
Recently, nrel and nCM have been obtained from many-body approaches
[9, 10], separately for p-n and p-n pairs, and they quantitatively agree with
the forms given by Eqs. (2.68) and (2.69). In such a way, the convolution
formula (2.64) is completely defined in terms of many-body quantities.
Eventually, it should be pointed out that, in the recent BNL experiment on
12C target [38], the CM momentum distribution has been measured, finding
that it fully agrees with the prediction of Ref. [60], as shown by the full line
in Fig 2.13.
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2.5 Brueckner-Bethe-Goldstone theory and the
validation of the convolution formula
The convolution model can be microscopically derived from the Bruckner-
Bethe-Goldstone (BBG) theory [69]. Let us discuss this aspect in more detail.
In nuclear matter the spectral function corresponding to the nucleon self-
energy
M(k, E) = V (k, E) + ı W (k, E) (2.70)
is given by the well known result [59]
PNM(k, E) = −
1
π
ℑ G(k, E) =
1
π
W (k, E)
[−E − k2/2mN − V (k, E)]
2 +W 2(k, E)
(2.71)
where G(k, E) is the single-particle Green function
G(k, E) =
1
−E − k2/2mN − V (k, E)− ıW (k, E)
. (2.72)
It has be noticed that the real, V (k, E), and imaginary parts, W (k, E), of
the self-energy are highly off-shell in the considered energy and momentum
ranges. We are interested in the region where E is much greater than the
Fermi energy EF ; for high k and E, one has
E +
k2
2mN
≫ |V (k, E)|, |W (k, E)| (2.73)
and Eq. (2.71) becomes
PNM(k, E) =
1
2
∑
hh′p
| < kp|G(e(h) + e(h′))|hh′ >a |2
(E + k2/2mN)
2 δ (E − e(p) + e(h) + e(h
′))
(2.74)
where p denotes a ”particle state” (outside the Fermi sea), and h(h′) a ”hole
state” (inside the Fermi sea), with energies e(p), e(h) and e(h′) respectively,
and G is the BBG scattering matrix
G12(ω) = v + v
Q
ω −H0 + ıη
G(ω) = v + v
Q
ω −H0 + ıη
v
+ v
Q
ω −H0 + ıη
v
Q
ω −H0 + ıη
v + . . . (2.75)
where Q is the Pauli projection operator, which restricts the two nucleons in
intermediate states to lie outside the Fermi sea. It should be stressed that
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Figure 2.14: The diagram of the BBG expansion considered in Ref. [69] to
obtain the high k and E behavior of the spectral function.
Eq. (2.74) corresponds to the 1p-2h diagram of Fig. 2.14 which, through the
G matrix, sums up all ”ladder diagrams” where the BBG scattering matrix
is replaced by the bare NN interaction.
Eq. (2.74) can be expressed in terms of the defect wave function, defined as
|ξ12 >= |Ψ12 > −|φ12 > (2.76)
where |Ψ12 > is the correlated two-body wave function, and |φ12 > the
uncorrelated one. After a length algebra, one finds [69]
PNM(k, E) =
mN ρ
2
32k
∫ |k+k0|
|k−k0|
dkCMkCMn
FG
CM(kCM)nrel
(√
1
2
k2 −
1
4
k2CM +
1
2
k20
)
(2.77)
where
ρ =
2
3π2
k3F (2.78)
is the nuclear matter density and
k0 =
√
2mN
A− 1
A− 2
(
E −E(2)thr
)
. (2.79)
It can be seen that the convolution formula (2.64) is recovered. This repre-
sents a robust validation of the convolution formula, as shown in Fig. 2.15.
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Figure 2.15: The spectral function obtained from BBG theory plotted at
k = 3 fm−1 (diamonds). For comparison also shown are the spectral func-
tion calculated in BBG theory with the free single particle spectrum (oc-
tagons) and the one calculated by the convolution formula (2.64) with the
bare nucleon mass (full line), and the the pertinent effective mass (dashed
line). After Ref. [69].
2.6 Many-body validation of the factorization
of the nuclear wave function at high mo-
menta
In this section, we will show that the convolution formula results from a
rather general property of the nuclear wave function. Let us recall that the
convolution formula has been obtained by assuming that the nuclear wave
function ΨA factorizes into the wave function of a correlated pair and the
wave function of a core of the (A − 2)-nucleon system. In Ref. [70], the s-
wave three-body Faddeev wave function obtained with MT/V ′ [71] potential
has been used to calculate the following quantity
r =
ΨA(x, y, θ)
ΨA(x, y′, θ)
(2.80)
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Figure 2.16: Eq. (2.80) plotted versus the relative coordinate (2.81), for θ =
90◦ and fixed values of y and y′. (Upper panel) Green triangles: y = 3.0 fm,
y′ = 4.5 fm; black squares: y = 2.0 fm, y′ = 5.0 fm; red circles: y = 5.0 fm,
y′ = 9.0 fm. (Lower panel) Red circles: y = 0.0 fm, y′ = 1.0 fm; black
squares: y = 0.5 fm, y′ = 1.5 fm [70].
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|x| = |r1 − r2| (2.81)
is the two-nucleon relative coordinate,
|y| =
∣∣∣∣r3 − r1 + r22
∣∣∣∣ (2.82)
the CM coordinate, and θ the angle between them. If the ratio (2.80) is plot-
ted versus |x| for fixed values of |y|, |y′| and θ, exhibits a constant behavior;
this is evidence of the factorization of ΨA(x, y, θ) in the variable x and y. As
a matter of fact, it can be seen that writing
ΨA(x, y, θ) = f(x, θ)h(y) (2.83)
one gets
r =
ΨA(x, y, θ)
ΨA(x, y′, θ)
=
f(x, θ)h(y)
f(x, θ)h(y′)
=
h(y)
h(y′)
= const . (2.84)
The results presented in the upper panel of Fig. 2.16 clearly show that, when
|y| is large and |x| small, ΨA indeed factorizes. On the contrary, as shown
in the lower panel of Fig. 2.16, for small values of |y| and small values of
|x|, the nuclear wave function does not factorize. Thus the factorization of
the nuclear wave function at high momenta is validated by many-body wave
functions.
2.7 Three-nucleon correlations
2.7.1 Naive three nucleon correlation models
We have seen that the high momentum and high removal energy components
of the nuclear spectral function are due to few nucleon correlations (FNC),
in particular in the region around
E∗A−1 ≃
A− 2
A− 1
k2
2mN
. (2.85)
FNC cannot however explain the regions at high values of k and large values
of the excitation energy
E∗A−1 ≫
A− 2
A− 1
k2
2mN
(2.86)
and the region at high values of k and low values of
E∗A−1 ≪
A− 2
A− 1
k2
2mN
. (2.87)
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Figure 2.17: The realistic (black squares) spectral function of 3He [66] com-
pared with the theoretical calculation performed within the convolution for-
mula (2.64), at k = 3.5 fm−1. After Ref. [47].
This can be clearly seen in Fig. 2.17. In these regions, one has to consider the
effects of three-nucleon correlations (3NC), i.e. configurations characterized
by three nucleons which have comparable momenta, and share almost the
full momentum of the nucleus
k1 + k2 + k3 +KA−3 = 0 (2.88)
i.e.
k1 + k2 + k3 ≃ 0 . (2.89)
The naive 3NC model will be defined as follows: referring to Fig. 2.18, we
will consider that the high momentum k1 ≡ k of nucleon ’1’ is completely
balanced by the high momenta k2 and k3 of particle ’2’ and ’3’, respectively,
with the residual (A− 3)-nucleon system at rest.
Within such a naive model, the residual system (A− 2) has momentum
KA−2 = k3 = −(k1 + k2) = −kCM (2.90)
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Figure 2.18: The naive 3NC model: the high momentum k1 ≡ k of nucleon
’1’ is entirely balanced by the momentum k2 of nucleon ’2’ and k3 of nucleon
’3’, with the system (A − 3) being at rest, i.e. with momentum KA−3 ≃ 0.
Thus, the momentum KA−2 is given by the momentum k3 nucleon ’3’.
and excitation energy
E∗A−2 =
|t3,(A−3)|
2
2µ3,(A−3)
=
A− 3
A− 2
k3
2mN
(2.91)
given by the relative motion of particle ’3’ and the residual (A− 3)-nucleon
system, with reduced mass
µ3,(A−3) =
A− 3
A− 2
mN . (2.92)
The excitation energy E∗A−1 of the residual system (A− 1) can be written as
follows
E∗A−1 =
|t2,(A−2)|
2
2µ2,(A−2)
+
|t3,(A−3)|
2
2µ3,(A−3)
(2.93)
i.e. by considering both the contribution arising from 2NC, given by Eq.
(2.55), and the one due to 3NC, given by Eq. (2.91). It can be clearly seen
from Fig. 2.18, and it will be explained in more detail in §4.3, that the
assumptions of the naive model for three correlated nucleons refer only to
that values of E∗A−1 given by Eq. (2.87).
The 3NC contribution to the spectral function PA1 (k, E), given by Eq. (2.10),
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turns out to be [72]
PA3NC(k, E) = N3
∫
dk2 dKA−2 nrel
(
|k− k2|
2
)
nhardCM (k+ k2)
× δ
(
E − E(2)thr −
(A− 2)
2mN(A− 1)
(
(A− 2)k2 −KA−2
(A− 1)
)2
−
A− 3
2mN(A− 2)
K2A−2
)
× δ (k+ k2 +KA−2) (2.94)
where N3 is necessary to satisfy the normalization condition (2.7). It should
be pointed out that Eq. (2.94) is nothing but Eq. (2.62) with nsoftCM replaced
by nhardCM .
Figure 2.19: First approximation to 3NC: the high momentum k1 ≡ k of
nucleon ’1’ is entirely balanced by the momentum k2 = k3 = −k/2 of nucleon
’2’ and ’3’, with the system (A − 3) being at rest, i.e. with momentum
KA−3 ≃ 0.
A first approximation to Eq. (2.94) could be obtained by considering
k2 = k3 = −
k
2
(2.95)
with
KA−2 = −
k
2
= −kCM (2.96)
and
KA−3 = 0 (2.97)
as shown in Fig. 2.19.
In this case, the ”hard” CM nucleon momentum distribution will read as
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follows
nhardCM (kCM) = δ
(
kCM −
k
2
)
(2.98)
and the removal energy will reduce to
E = E
(3)
thr +
A− 3
A− 1
k2
4m2N
. (2.99)
Integrating Eq. (2.94) over the momentum k2 = −k−KA−2, yields
PA3NC(k, E) = N3 nrel
(
3
4
k
)
δ
(
E − E(3)thr −
A− 3
A− 1
k2
4mN
)
. (2.100)
64
Chapter 3
Inclusive electron scattering off
nuclei at high momentum
transfer and final state
interaction effects: results of
calculations
Introduction
Inclusive electron scattering off nuclei at high momentum transfer can pro-
vide non trivial information on nuclear wave function. In particular, the
kinematic region corresponding to xBj > 1 is strongly affected by high mo-
mentum and high removal energy components of the nuclear wave function
arising from NN SRC.
The Feynman diagram depicted in Fig. 3.1 describes the inclusive A(e, e′)X
cross section which, as is well known, in one photon exchange has the follow-
ing form
d2σ(q, ν)
dΩ2 dν
= σM
[
WA2 (Q
2, ν) + 2 tan2
θ
2
WA1 (Q
2, ν)
]
(3.1)
where
σM =
α2 cos2 θ
2
4ǫ21 sin
2 θ
2
(3.2)
is the Mott cross section, which describes the scattering from a pointlike
nucleon,
Q2 = −q2 = q2 − ν2 = 4ǫ1 ǫ2 sin
2(θ/2) > 0 (3.3)
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Figure 3.1: Inclusive electron scattering off a nucleus A, in the one photon
exchange approximation. In inclusive processes, denoted as A(e, e′)X , only
the scattered electron e′ is detected in the final state; k, k′, PA and PX are
the four-momenta of the incoming electron e, the scattered electron e′, the
target nucleus A, and the undetected particles, respectively; q is the four-
momentum transfer such that −q2 = Q2 = q2 − ν2, where q = k1 − k2 and
ν = ǫ1 − ǫ2 are the three-momentum and the energy transfers, respectively.
is the squared four-momentum transfer, θ is the scattering angle and W1,2
are the nuclear structure functions.
In plane wave impulse approximation (PWIA), shown in Figs.3.2(a) and
3.2(b), the latter are given by
WAi (Q
2, ν) =
A∑
N=1
∫
dk
∫
dE PN(k, E)
[
CiW
N
1 (Q
2, ν ′) +DiW
N
2 (Q
2, ν ′)
]
(3.4)
where i = {1, 2}, WN1,2 are the nucleon structure functions, Ci and Di are
kinematical factors whose explicit expression is given e.g. in [74], and, finally,
ν ′ =
p ·Q
mN
(3.5)
where p is the four-momentum of the struck off-shell nucleon.
According to the value of the invariant mass W produced by the interaction
of the virtual photon with a nucleon in the nucleus, the inclusive process
A(e, e′)X is governed by the following two mechanisms: i) the quasi elastic
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(a) (b)
(c) (d)
Figure 3.2: Processes contributing to the A(e, e′)X cross section: (a) one-
nucleon emission within the IA; (b) virtual photon absorption by a correlated
NN pair within the IA; (c) single nucleon rescattering of a nucleon knocked
out from shell model states; (d) elastic two-nucleon rescattering between the
emitted nucleons of a correlated pair [73].
(qe) process, for which W = mN , and ii) the deep inelastic scattering (DIS),
corresponding to W > mN . The basic nuclear quantity that governs qe and
DIS processes at xBj > 1 is the nucleon spectral function.
The PWIA is only the first approximation to the calculation of the cross
section, since the final state interaction (FSI) of the struck nucleon with the
residual system (A − 1) may play an important role. As Q2 increases, the
effects due to the FSI in the qe process are expected to decrease, whereas the
DIS contribution increases.
In this Thesis, we will focus only on the qe process. Two types of FSI in the
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qe process, to be considered in what follows, are shown in Fig. 3.2(c) and
3.2(d).
3.1 The quasi elastic cross section
In PWIA, the qe inclusive cross section describing the knock-out by the
incoming electron of a nucleon N from the nucleus A, can be written as
follows [12]
σA2 (q, ν) ≡
d2σAqe(q, ν)
dΩ2 dν
=
A∑
N=1
∫
dE
∫
dkPAN (k, E)σeN(q, ν,k, E) δ(ν +MA −EN − EA−1) .
(3.6)
The argument of the energy conserving δ-function is
ν +MA =
√
m2N + (k+ q)
2 +
√
M∗
2
A−1 + k
2 (3.7)
where
M∗A−1 =MA−1 + E
∗
A−1 (3.8)
is the mass of the excited residual system, and momentum conservation reads
as follows
q = p+PA−1 = p− k . (3.9)
Here ν = ǫ1 − ǫ2 and q = k1 − k2 are the energy and three-momentum
transfers, σeN is the elastic electron cross section off a moving off-shell nu-
cleon with momentum k ≡ |k| and removal energy E, p and PA−1 are the
momenta of the undetected struck nucleon and the final (A − 1) system;
eventually, PAN (k, E) is the nucleon spectral function discussed in the pre-
vous chapter. From now on, for ease of presentation, only isoscalar nuclei,
i.e. with PAp (k, E) = P
A
n (k, E) ≡ P
A(k, E), will be considered.
After integrating over cosα = (k · q)/(kq), Eq. (3.6) becomes
σA2 (q, ν) = 2π
A∑
N=1
∫ Emax(q,ν)
Emin
dE
∫ kmax(q,ν,E)
kmin(q,ν,E)
kdkPAN (k, E)
× σeN(q, ν,k, E)
∣∣∣∣ ∂νk∂ cosα
∣∣∣∣−1 (3.10)
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where the limits of integration [75]
Emin = |EA| − |EA−1| = MA−1 +mN −MA (3.11)
Emax = M
∗
A −MA (3.12)
kmin =
(ν +MA)
∣∣∣∣kCM − [q − (ν +MA)] √(MA−1 + E∗A−1)2 + k2CM ∣∣∣∣
M∗A
(3.13)
kmax =
(ν +MA)
{
kCM + [q − (ν +MA)]
√(
MA−1 + E
∗
A−1
)2
+ k2CM
}
M∗A
(3.14)
are imposed by energy conservation, where
M∗A =
√
(ν +MA)
2 − q2 (3.15)
is the invariant mass,
kCM =
√[
M∗
2
A −
(
MA−1 + E
f∗
A−1
)2
−m2N
]2
− 4
(
MA−1 + E
∗
A−1
)2
m2N
2M∗A
(3.16)
and the phase space factor
∂ν
k∂ cosα
=
q√
m2N + q
2 + k2 + 2kq cosα
(3.17)
results from the dependence upon cosα of the nucleon energy in the final
state in the δ-function. Eventually,
σ¯eN =
σM
E1 E2
{(
q2µ
q2
)2 [
(E1 + E2)
2
4
(F 21N + τ¯F
2
2N )−
q2
4
(F1N + F2N)
2
]
+
[
tan2
θ
2
+
q2µ
2q2
] [
k2 sin2 α
(
F 21N +
¯τF 22N
)
+
q¯2µ
2
(F1N + F2N)
2
]}
(3.18)
is the electron-nucleon cross section for a relativistically moving nucleon,
averaged over the polar angle, where E1 =
√
m2N + k
2, q2µ = q
2 − ν2, q¯2µ =
q2 − (E1 −E2)2, and τ¯ = q¯2µ/(4m
2
N).
At high momentum transfer, the quantity
[Zσ¯ep +Nσ¯en]
∣∣∣∣ ∂νk∂ cosα
∣∣∣∣−1 (3.19)
69
Chapter 3. Inclusive electron scattering off nuclei at high
momentum transfer and final state interaction effects: results of
calculations
depends very weakly upon k, so that it can be taken out of the integral and
evaluated, e.g., at k = kmin. Therefore Eq. (3.10) can be written in the
factorized form
σA2 (q, ν) =
[
Z σ¯ep +N σ¯en
∣∣∣∣ ∂νk∂ cosα
∣∣∣∣−1
]
(kmin,Emin)
FA(q, ν) (3.20)
where
FA(q, ν) = 2π
∫ Emax(q,ν)
Emin
dE
∫ kmax(q,ν,E)
kmin(q,ν,E)
k dk PA(k, E) (3.21)
is the nuclear structure function.
3.2 The scaling function
At high values of the momentum transfer, the rapid falloff of PA(k, E) with
k and E allows the replacement Emax = kmax = +∞, and Eq. (3.21) can be
written as
FA(q, ν) = 2π
∫ +∞
Emin
dE
∫ +∞
kmin(q,ν,E)
k dk PA(k, E) (3.22)
Therefore, the structure function depends upon q and ν only through kmin,
which is determined from the energy conservation (3.7).
Let us replace the energy transfer ν with a generic scaling variable
Y = Y (q, ν) (3.23)
which is only required to be a function of q and ν (and any arbitrary con-
stant) so that, no matter with the specific form of Y , the cross section and
the structure function can be expressed not in terms of the two canonical
independent variables q and ν, but, without loss of generality, in terms of q
and Y = Y (q, ν). Correspondingly, a scaling function FA(q, Y ) is introduced,
which is nothing but Eq. (3.22) with ν replaced everywhere by Y ; if, under
certain conditions, FA(q, Y ) reproduces the asymptotic scaling function
FA(Y ) = 2π
∫ +∞
Emin
dE
∫ +∞
k∞min(Y,E)
k dk PA(k, E) (3.24)
Y-scaling is said to occur and, depending on the physical meaning of Y and
FA(Y ), various information on nucleons in nuclei could be obtained.
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Using Eq. (2.8), the scaling function becomes
FA(q, Y ) = 2π
∑
α<αF
∫ +∞
kmin(q,Y,E)
nα(k) + 2π
∫ +∞
Emin
dE
∫ +∞
kmin(q,Y,E)
k dk PA1 (k, E)
(3.25)
and it can be trivially cast in the form
FA(q, Y ) = fA(Y )−BA(q, Y ) (3.26)
where the longitudinal momentum distribution
fA(Y ) = 2π
∫ +∞
|Y |
k dk nA(k) (3.27)
is integrated over all excited states of (A−1), whereas the binding correction
BA(q, Y ) = 2π
∫ +∞
Emin
dE
∫ kmin(q,Y,E)
|Y |
k dk PA1 (k, E) (3.28)
on the contrary, is governed through kmin(q, Y, E) by the continuum energy
spectrum of the final (A−1) system. The contribution arising from the latter
strongly depends by the difference between Y and kmin and, therefore, upon
the definition of the former. In the Deuteron case, in fact
E = Emin = 2.22MeV (3.29)
kmin(q, Y, Emin) = |Y | (3.30)
and thus
BD(q, Y ) = 0 (3.31)
FD(q, Y ) = fD(Y ) . (3.32)
Therefore, when the binding correction can be neglected, as in the Deuteron,
the quantities fA(Y ) and nA(k) are linked by the relation
nA(k) = −
1
2πY
dfA(Y )
dY
(3.33)
so that, if fA(Y ) could be extracted from the experimental data, nA(k) could
be determined.
Unfortunately, in general, such an extraction is hindered by the presence of
BA(q, Y ) 6= 0 (3.34)
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which leads to
FA(q, Y ) 6= fA(Y ) (3.35)
and
nA(k) = −
1
2πY
[
dfA(Y )
dY
+
dBA(Y )
dY
]
. (3.36)
The factorization given in Eq. (3.26), in the asymptotic limit reads as
FA(Y ) = fA(Y )− BA(Y ) (3.37)
but again, unfortunately, owing to the presence of BA(Y ), FA(Y ) is not
related to a momentum distribution, so that, in principle, the experimental
longitudinal momentum distribution fAex(y) and, consequently, n
A
ex(k), cannot
be extracted from the data.
In both Eqs. (3.24) and (3.26), the contribution arising from the binding
correction depends upon the difference between Y and kmin(q, Y, E), which
could be minimized only by a proper choice of the scaling variable Y , such
that kmin(q, Y, E) ≃ |Y |. The resulting cross section (3.6) would depend only
upon the nucleon momentum distributions, obtaining, by this way, a direct
access to high momentum components generated by SRC [76]. It is clear
that the outlined picture can in principle be modified by the effects of the
FSI of the knocked nucleon with the residual (A− 1)-nucleon system.
3.3 The final state interaction
Owing to the decomposition rule (2.8) of the spectral function PA(k, E), the
inclusive cross section can be written in the following form
σA2 = σ
A
0 + σ
A
1 (3.38)
where σA0 describes the transition to the ground and one-hole states of the
(A−1)-nucleon system, and σA1 the transition to more complex highly excited
configurations. The diagrams in Figs. 3.2(a) and 3.2(b) refer, respectively, to
the contribution of σA0 and σ
A
1 in PWIA, which is based upon the assumption
that the reaction is well described by the exchange of a single virtual photon
with a single nucleon, which does not interact with the remaining (A − 1)-
nucleons; in particular, the diagram 3.2(a) represents the contribution arising
from shell model configurations, whereas the diagram 3.2(b) mainly describes
γ∗ absorption by 2p-2h configurations generated in the target ground state
by NN correlations. It is well known that the PWIA sizably underestimates
the cross section, both in light and heavy nuclei, at low values of ν, i.e. at
xBj > 1, owing to FSI processes which arise from the interaction between
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the knocked out nucleon and the residual system.
In this Thesis, following the approach proposed in Ref. [73], we take into
account two different FSI processes, i.e.: i) the two-nucleon rescattering in
the final state when the struck nucleon is a partner of a correlated pair, shown
in Fig. 3.2(d), and ii) the single-nucleon rescattering of the struck nucleon
with the mean optical potential of the residual (A − 1) system, depicted in
Fig. 3.2(c). Let us discuss in more detail these two mechanisms.
3.3.1 Two-nucleon rescattering
The basic assumption underlying the convolution formula (2.64), is that two
nucleons are locally strongly correlated at short separations, with their CM
being apart from the spectator (A−2)-nucleon system. 2NC in a nucleus are
reminiscent of correlations in the Deuteron; indeed, as discussed in §2.2, nu-
cleon momentum distributions of light and complex nuclei, at k > 1.5 fm−1,
turn out to be the properly rescaled version of the Deuteron momentum dis-
tribution. Therefore, in the 2NC region, the absorption of γ∗ by a correlated
pair is expected to resemble the one in the Deuteron; if so, such a Deuteron-
like picture of the initial state should be extended also to the final state by
allowing the two nucleons to elastically rescatter, as depicted in Fig. 3.2(d).
An important difference from the Deuteron case is that a correlated pair in
a nucleus is bound and moves in the field created by the other nucleons.
Within the above picture, the contribution of diagrams 3.2(a)-3.2(d) reads
as follows [73]
σA0 =
∑
α<F
∫
dk nα(k) [Zασep +Nασen] δ
(
ν + k0α − Ek+q
)
(3.39)
σA1 = A σMott
∑
N1N2=n,p
∫
dkCM n
N1N2
CM (kCM)L
µνWN1N2µν (3.40)
where
Ep =
√
m2N + p
2 (3.41)
k0α = MA −
√
(MA + |ǫα| −mN )2 + k2 (3.42)
Lµν represents the (reduced) leptonic tensor, and W µν is the hadronic tensor
of a correlated pair, which can be written as follows
WN1N2µν =
∑
f12
∑
β12
[
< β12|j
N1
µ + j
N2
µ |f12 >
]∗∑
β′
12
[
< β ′12|j
N1
ν + j
N2
ν |f12 >
]
× δ
(
ν + k0CM −
√
(Mf122 )
2 + (kCM + q)2
)
(3.43)
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(a) (b)
(c)
Figure 3.3: Inclusive cross sections at Q2 ∼ 2 (GeV/c)2 versus the energy
transfer ν. Calculations have been performed using the free nucleon form
factors of Ref. [77], the cc1 presciption of Ref. [78] for σeN and the RSC
potential [79] for the NN interaction. Dotted line: IA (Figs.3.2(a))+3.2(b);
dashed line: IA+ two-nucleon rescattering (Figs. 3.2(a)+3.2(d));dot-dashed
line:contribution from inelastic channels estimated as in Ref.[80]. After Ref.
[73].
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where jNµ is the nucleon current, k
0
CM =MA −
√
M2A−2 + k
2
CM , |β12 > is the
relative wave function of the initial state of a correlated pair, and |f12 > its
continuum final state. Eq. (3.40) is based upon the following assumptions
on final and initial A-nucleon state:
|ΨfA > ∼ Aˆ
{
|f12 > |PCM > |Ψ
f
A−2 >
}
(3.44)
|Ψ0A > ∼ Aˆ
{
|β12 > |χ
CM
12 > |Ψ
0
A−2 >
}
(3.45)
where Aˆ is a proper antisymmetrization operator, |χCM12 > is the CM wave
function of the initial state of a correlated pair, and |PCM > its plane wave
final state. It can be seen from Eq. (3.43) that medium effects on the
hadronic tensor of the pair are generated by the energy conserving δ-function,
in which the intrinsic energy available to the pair is fixed by its CM four-
momentum, and, therefore, by the momentum distribution nN1N2CM appearing
in Eq. (3.40). Even if the CM motion is neglected by placing
nN1N2CM = δ(kCM) (3.46)
medium effects still would remain through the quantity
(k0CM)max =MA −MA−2 (3.47)
which is related to the two-nucleon break up threshold, i.e. the binding of
the pair.
The inclusive cross section have been calculated in [73] for the Deuteron
using the RSC NN potential [79], taking into account the rescattering in
S, P and D partial waves; then, using the same two-nucleon amplitudes
< β12|jN1µ + j
N2
µ |f12 >, the cross section σ
A
1 have been computed for complex
nuclei. The results are shown by the dashed lines in Fig. 3.3: it can be
seen that, at 1.3 < xBj < 2, the process of two-nucleon rescattering brings
theoretical predictions in good agreement with experimental data. The most
striking aspect of these results is that the same mechanism which explains
the Deuteron data, does the same in a complex nucleus, provided the A
dependence due to nN1 N2CM and k
0
CM (clearly exhibited in Fig. 3.3) is properly
considered. It should be pointed out that these results hold for the whole set
of kinematics considered in Refs. [13, 81, 82, 83].
3.3.2 Single nucleon rescattering
The two-nucleon rescattering is not able to describe the experimental data
at xBj & 2. This fact is not surprising because, at xBj & 2, more than two
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nucleons should be involved in the scattering process. This process can be
simulated by considering the motion of the nucleon, knocked out from shell
model states, in the optical potential generated by the ground state of the
(A−1)-nucleon system. Within such an approach, corresponding to diagrams
3.2(a)-3.2(c), Eq. (3.39) becomes [73]
σA0 = −
∑
α<F
∫
dk nα(k) [Zασep +Nασen]
ℑ Vopt
[ν + k0α − Ep − ℜ Vopt]
2 + [ℑ Vopt]
2
(3.48)
resulting from the eikonal approximation for the nucleon propagator [84].
The optical potential Vopt can be cast in the following on-shell form
Vopt = −ρ vN σNN
(ı+ αNN)
2
(3.49)
where ρ is the nuclear density, vN is the nucleon velocity, σNN is the total
NN cross section and αNN is the ratio of the real to the imaginary part of the
forward NN scattering amplitude. The imaginary component of Eq. (3.49)
describes inelastic processes leading to excitations of the residual system,
which, in the high energy regime, mainly correspond to secondary nucleon
emissions.
It has be pointed out [73], that the two-nucleon rescattering is not included
in the process described by diagram 3.2(c). As a matter of fact, indeed, the
two-nucleon rescattering is not a multiple scattering process, i.e. it does not
contribute to an optical potential, and, particularly, is independent of nuclear
density and does not produce any absorption of the outgoing flux.
However, treating FSI at xBj > 1 in terms of on-shell potentials is not justi-
fied [6, 7, 85, 86]. Indeed, the struck nucleon, with momentum
p′ 2 ≃ (ν +mN − E)
2 − (k+ q)2 (3.50)
can be either on-mass-shell, i.e. with p′ 2 = m2N , or off-mass-shell, namely
with p′ 2 6= m2N , depending on the values of k and E. Initial configurations
with k < kmin give rise to an intermediate off-mass-shell virtual nucleon, so
that the use of an on-shell optical potential is unjustified, and can hardly be
reconciled with the fact that rescattering amplitudes are expected to decrease
with virtuality, because an off-shell nucleon has to rescatter within short
times. Therefore, in order to take into account off-shell effects, we have to
include in Vopt a suppression factor of the type
Vopt = −
1
2
ρ vN σNN (ı + αNN) e
−δ|M2−p′2| . (3.51)
The differences between the use of an on-shell or off-shell potential are shown
in Fig. 3.4. The parameter δ appearing in Eq. (3.51) is the same for all
kinematics considered.
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Figure 3.4: The cross section σ0 versus the energy transfer ν. Dotted line: Eq.
(3.39) (diagram 3.2(a)); dashed line: Eq. (3.48) (diagrams 3.2(a)+3.2(c))
calculated using the on-shell potential (3.49); solid line:Eq. (3.48) (diagrams
3.2(a)+3.2(c)) calculated using the off-shell potential (3.51). After Ref. [73].
3.4 Inclusive cross sections: results of calcu-
lations
The results of our calculations, including the contributions from all diagrams
depicted in Fig. 3.2, are shown in Figs. 3.5 and 3.6. It can be seen that
the PWIA overestimates the experimental data at xBj > 1.5, whereas the
inclusion of the FSI produces a good agreement between theoretical calcula-
tions and experimental data. In the region 1.5 ≤ xBj ≤ 2, the FSI is mainly
due to the two-nucleon rescattering whereas, at xBj > 2, the contribution
from the optical potential, which mocks up three-nucleon correlation effects,
becomes important. Other results are shown in Figs. 3.7 and 3.8, leading to
the same conclusions. Results of the same quality were previously obtained
in Ref. [17, 18, 73].
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Figure 3.5: The experimental inclusive cross section 56Fe(e, e′)X [83] vs. the
energy transfer ν, compared with theoretical calculations which include SRC
and FSI. Dot-dashed line: PWIA, Eq. (3.20); dashed line: PWIA + FSI of
the correlated struck nucleon with the correlated partner, Eqs. (3.39) and
(3.40); solid line: the same as dashed red line plus the FSI of the shell model
struck nucleon with the mean field of the residual (A − 1)-nucleon system,
Eqs. (3.48) and (3.40). After Ref. [61].
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Figure 3.6: The same as in Fig. 3.5, for different kinematic conditions. After
Ref. [61].
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Figure 3.7: The same as in Fig. 3.5. Experimental data from Ref. [14].
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Figure 3.8: The experimental inclusive cross section 56Fe(e, e′)X [87] vs. the
energy transfer ν, compared with our preliminary calculations which include
SRC and FSI. Dot-dashed line: PWIA, Eq. (3.20); solid line: PWIA plus
the FSI of the shell model struck nucleon with the mean field of the residual
(A−1)-nucleon system and the FSI of the correlated struck nucleon with the
correlated partner, Eqs. (3.48) and (3.40).
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Chapter 4
A novel approach to scaling
phenomena in inclusive
scattering: mean field,
correlations and proper scaling
variables.
Introduction
The inclusive cross section can be analyzed in terms of scaling function and
scaling variable.
The scaling variable Y arises from the energy conservation law which, for an
inclusive process, reads as follows
ν +MA =
√
(MA−1 + E∗A−1)
2 + k2 +
√
m2N + (k+ q)
2 (4.1)
being
MA = mass of the target nucleus (4.2)
MA−1 = mass of the residual nucleus (A− 1) (4.3)
E∗A−1 = intrinsic excitation energy of the residual system (4.4)
mN = mass of the knocked out nucleon (4.5)
As mentioned in Chapter 2, a proper choice of the scaling variable Y could
minimize the contribution arising from the binding correction, allowing a
direct link between the scaling function and the nucleon momentum distri-
bution. Within such an approach, the new inclusive cross section for electron
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scattering off nuclei can be written only in terms of nucleon momentum dis-
tributions, so that inclusive scattering becomes a powerful tool to investigate
NN SRC in nuclei. In what follows, it will be illustrated in detail how the
dependence of kmin upon E
∗
A−1 gives rise to the binding correction, and how
to a different definition of the scaling variable Y .
4.1 The mean field scaling variable
The final state interaction of the struck nucleon invalidates the PWIA but,
in spite of that, an approach was developed in the past to reduce the effects
from both the binding corrections and FSI [11, 75]; the traditional approach
to Y-scaling is based upon the traditional scaling variable Y ≡ y, obtained
by placing
k = |y| (4.6)
cosα =
k · q
kq
= 1 (4.7)
E∗A−1 = 0 (4.8)
in the energy conservation law given by Eq. (4.1), obtaining
ν +MA =
√
M2A−1 + y
2 +
√
m2N + (y + q)
2 (4.9)
whose solution is [12]
y =
−q∆±
√
q2∆2 −M∗
2
A
[
4 (ν +MA)
2 −∆2
]
2M∗
2
A
(4.10)
with
M∗
2
A = (ν +MA)
2 − q2 (4.11)
and
∆ =M∗
2
A +M
2
A−1 −m
2
N . (4.12)
Within such an approach, y represents the minimum longitudinal momentum
of a nucleon having the minimum value of the removal energy
E = Emin + E
∗
A−1 = Emin = mN +MA−1 −MA . (4.13)
At high values of q, one has
lim
q→∞
kmin(q, y, E) ≡ k
∞
min(y, E) = |y − (E − Emin)| (4.14)
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so that, when E = Emin,
k∞min(y, E) = |y| (4.15)
BA(q, y) = 2π
∫ +∞
Emin
dE
∫ kmin(q,y,E)
|y|
k dk PA1 (k, E) = 0 (4.16)
and thus the scaling function reduces to
FA(y) = fA(y) =
∫ +∞
|y|
k dk nA(k) (4.17)
explicitly showing scaling in y.
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Figure 4.1: The ratio of the binding correction BA(q, y) (Eq. (3.28)) to the
scaling function FA(q, y) (Eq. (3.21)) for 3He (open dots) and 12C (full dots),
calculated using the scaling variable y. After Ref. [76].
Unfortunately, this occurs only in the Deuteron, whereas in the general case,
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for A > 2, the excitation energy E∗A−1 of the residual system is different from
zero and
E = Emin + E
∗
A−1 > Emin (4.18)
leading to
BA(q, y) > 0 (4.19)
and thus to the relation FA(y) 6= fA(y), given by Eq. (3.26).
To illustrate the relevant role played by the binding correction in the tradi-
tional approach to Y-scaling, the ratio
BA(q, y)
FA(q, y)
=
BA(q, y)
fA(y)− BA(q, y)
(4.20)
which represents the deviation of the scaling function FA(q, y) from the lon-
gitudinal momentum distribution fA(y), is shown in Fig. 4.1, plotted versus
the scaling variable y. It can be seen that, at high values of |y|, the effects
from binding are very large whereas, at low values of |y|, binding effects can
be neglected.
Moreover, the experimental scaling function
FAex(q, y) =
σAex(q, y)[
(Zsep +Nsen)
Ep
q
]
kmin,Emin
(4.21)
plotted versus the scaling variable y, as shown in Fig. 4.2, confirms that
the scaling function strongly differs from the longitudinal momentum distri-
bution, and therefore does not exhibit any proportionality to the Deuteron
scaling function fD(y). Therefore it should be pointed out that, when ex-
pressed in terms of y, a comparison between experimental and theoretical
scaling functions requires the knowledge of the nucleon spectral function,
generated by the main role played by BA(q, y).
Moreover, the experimental scaling function exhibits a strong q dependence
owing to the FSI and binding effects, and differs from the asymptotic scaling
function FAex(y). The latter, however, has been obtained in Ref. [11, 75] by
extrapolating to q → ∞ the available values of FAex(q, y), on the basis that
FSI can be represented as a power series in 1/q, and dies out at large q2, a
conclusion that has been reached by various authors (see e.g. [89]).
It is therefore the dependence of kmin upon E
∗
A−1 that gives rise to the bind-
ing effect. This is an unavoidable defect of the usual approach to Y-scaling,
based on the scaling variable y; except for the trivial case of the Deuteron,
in fact, in a complex nucleus the final (A− 1)-nucleon system can be left in
all possible excited states, including the continuum but, by definition, the
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Figure 4.2: The experimental scaling function FAexp(q, y) of
4He, 12C, and
56Fe obtained from the experimental data of Refs. [14, 88]. The longitudinal
momentum distributions (Eq. (3.27)) of 2H (full line), 4He (long-dashed),
12C (dashed) and 56Fe (dotted) are also shown. After Ref. [76].
traditional scaling variable y can only be identified with the longitudinal
momentum of weakly bound, shell nucleons (E∗A−1 ∼ 0 − 20MeV ). The
longitudinal momentum for such nucleons is very different from the strongly
bound, correlated nucleons (E∗A−1 ∼ 50− 200MeV ), and this explains why,
at large values of |y|, the scaling function is not related to the longitudinal
momentum of strongly bound correlated nucleons, whose contributions al-
most entirely exhaust the behavior of the scaling function.
As stressed in Refs. [16, 17, 18], to establish a global link between exper-
imental data and longitudinal momentum components, one has to conceive
a scaling variable that could equally well represent longitudinal momenta of
both weakly bound and strongly bound nucleons, so that the binding correction
could be minimized.
The experimental longitudinal momentum distribution fAex(y) has thereby
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been obtained by adding to FAex(y) the binding correction B
A(y) evaluated
theoretically, as shown in Fig. 4.3, and nAex(k) has been obtained by Eq.
(3.36). Such a procedure affects the final results in terms of large errors on the
extracted momentum distributions, particularly at large values of k; in spite
of these errors, the extracted momentum distributions, at k & 1.5− 2 fm−1,
turned out to be larger by orders of magnitude from the prediction of mean
field approaches, and in qualitative agreement with realistic many-body cal-
culations that include SRC.
In order to make the extraction of fAex(y) as independent as possible from
theoretical binding corrections, in Ref. [16] is thus necessary to introduce an-
other scaling variable, incorporating relevant physical dynamical effects left
out in the definition of y.
Figure 4.3: The longitudinal momentum distribution for 2H (dotted line),
4He (full line) and 56Fe (dashed line) corresponding to a parametrization
obtained in Ref. [17].
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4.2 Two-nucleon correlation scaling variable
2NC are defined, as previously explained in §2.4, as those nucleon configura-
tions shown in Fig. 4.4 [3]: momentum conservation in the ground state of
the target nucleus
A∑
i=1
ki = 0 (4.22)
is almost entirely exhausted by two correlated nucleons with high momenta,
the (A − 2)-nucleon system acting mainly as a spectator, moving with very
low momentum. The intrinsic excitation energy of the (A−1)-nucleon system
Figure 4.4: 2NC correlations in a nucleus A: the high momentum k1 ≡ k of
nucleon ”1” is almost completely balanced by the momentum k2 ≃ −k of the
partner nucleon ”2”, whereas the residual system moves with low momentum
KA−2. Momentum conservation is
∑A
1 ki = k1 + k2 +KA−2 = 0.
is in this case
E∗A−1 =
(A− 2)
(A− 1)
(k2 −KA−2)2
2mN
(4.23)
which becomes
E∗A−1 =
(A− 2)
(A− 1)
k2
2mN
(4.24)
in the naive 2NC model, i.e. the model based upon the assumptionKA−2 = 0.
Since high excitation states of the final (A−1)-nucleon system are generated
by SRC in the ground state of the target nucleus, the traditional (mean
field) scaling variable y does not incorporate, by definition, SRC effects, for
it is obtained by placing E∗A−1 = 0 in the energy conservation law (4.1).
Motivated by this observation, in Ref. [16], a new scaling variable, Y ≡
yCW ≡ y2 has been introduced, by setting
k = |y2| (4.25)
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cosα =
k · q
kq
= 1 (4.26)
E∗A−1 =< E
∗
A−1(k) >2NC (4.27)
in Eq. (4.1), which in this case reads as follows
ν +MA =
√
(MA−2 +mN+ < E
∗
A−1(k) >2NC)
2 + y22 +
√
m2N + (y2 + q)
2 .
(4.28)
The inclusion of the term
< E∗A−1(k) >2NC=
1
nA(k)
∫
PA2NC(k, E
∗
A−1)E
∗
A−1dE
∗
A−1 (4.29)
makes the scaling variable y2 to properly depend upon the momentum depen-
dence of the average excitation energy of (A− 1), generated by two-nucleon
correlations. Here
E∗A−1 = E − E
(2)
thr (4.30)
where
E
(2)
thr = MA−2 + 2mN −MA (4.31)
is the threshold energy for two-particle emission.
The quantity in Eq. (4.29) has been calculated using a realistic spectral
function for nuclear matter and 3He. The results are presented in Fig. 4.5,
where they are compared with the prediction of the spectral function of the
few nucleon correlation (FNC) model of Ref. [60], according to which
E∗A−1(k,KCM) =
A− 2
A− 1
1
2mN
[
k−
A− 1
A− 2
KCM
]2
(4.32)
where KCM is the CM momentum of a correlated pair. In view of the
very good agreement between the FNC model and the exact many-body
results for nuclear matter and 3He, the former has been used to calculate
< E∗A−1(k) >2NC for nuclei with 3 < A <∞.
The values shown in Fig. 4.5 can be interpolated by
< E∗A−1(k) >2NC=
A− 2
A− 1
TN + bA − cA|k| (4.33)
where
TN =
√
m2N + k
2 −mN (4.34)
and
bA =
∫
dkCM
A−1
A−2
k2CM
2M
P1(k, E)∫
dkCMP1(k, E)
(4.35)
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cA =
1
M
∫
dkCM k · kCM P1(k, E)∫
dkCMP1(k, E)
(4.36)
result from the CM motion of the pair.
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Figure 4.5: The average value of E∗A−1(k) [Eq. (4.29)] calculated for nuclear
matter with the spectral function of Ref. [63, 64] (open dots), and for 3He
with the spectral function from the Pisa wave functions [90] (full dots). The
full lines are obtained with the spectral function of the few-nucleon correla-
tion model of Ref. [60].
The values of bA and cA used in our calculations are listed in Table 4.1.
For a complex nucleus and not too large values of y2, a solution for Eq. (4.28)
can be written as
y2 = −
q˜
2
+
νA
2WA
√
W 2A − 4m
2
N (4.37)
where
νA = ν + M˜D (4.38)
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Nucleus bA (MeV) cA
3He −2.94 −0.03
NM 37.3 0.04
Table 4.1: Values of the parameters appearing in Eqs. (4.35) and (4.36) for
complex nuclei and nuclear matter.
M˜D = 2mN − E
(2)
th − bA+ < Egr > (4.39)
q˜ = q + cAνA (4.40)
W2A = νA
2 − q2 = M˜2D + 2νM˜D −Q
2 (4.41)
In order to counterbalance the effects of < E∗A−1(k) >2NC at low |y2|, in the
definition of
M∗A−1 = MA+ < E
∗
A−1(k) >2NC − < Egr > (4.42)
has been added the value < Egr >, fixed by the Koltun sum rule (see [16,
17, 18]).
In the Deuteron case
y2 = y = −
q
2
+
νD
2WD
√
W 2D − 4m
2
N (4.43)
with
νD = ν +MD (4.44)
and where
W2D = νD
2 − q2 =MD
2 + 2νMD −Q
2 (4.45)
is the Deuteron invariant mass.
For small values of |y2|, such that
A− 2
A− 1
(√
y22 +m
2
N −mN
)
+ bA − cA|y2| ≪< Egr > (4.46)
the variable y, representing the longitudinal momentum of a weakly bound
nucleon, is recovered.
Therefore y2 effectively takes into account the k dependence of E
∗
A−1, both
at low and high values of y2, and interpolates between the correlation and
the single-particle regions; it can be interpreted as the minimum longitudi-
nal momentum of a nucleon that, at high values of y2, has removal energy
< E∗A−1 >2NC and is partner of a correlated two-nucleon pair with effective
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mass M˜D.
It should be pointed out that, in our calculations, the fourth-order equation
resulting from Eq. (4.28) has been solved exactly; this, together with the
relativistic extension of the definition of the mean excitation energy, is nec-
essary to extend y2 to high values.
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Figure 4.6: The ratio of the binding correction BA(q, y2) (Eq. (3.28)) to the
scaling function FA(q, y2) (Eq. (3.21)) for
3He (open dots) and 12C (full
dots), calculated using the scaling variable y2. After Ref. [76].
Within such an approach to Y-scaling, the effects due to the binding are
strongly suppressed, as clearly illustrated in Fig. 4.6, where the ratio given
by Eq. (4.20) vanishes in the whole region of y2 considered; the main feature
of y2, in fact, is that
kmin(q, y2, E) ≃ |y2| (4.47)
which leads to
BA(q, y2) ≃ 0 (4.48)
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with the following two relevant consequences:
1. the relation
FA(q, y2) ≃ f
A(y2) =
∫ +∞
|y2|
k dk nA(k) (4.49)
holds, thus, plotting the data in terms of y2 can provide a direct access
to the nucleon momentum distributions, and so to SRC in nuclei;
2. as mentioned in § 2.3, many-body calculations show that at high mo-
menta, k & 2 fm−1, all nucleon momentum distributions are simply
rescaled version of the Deuteron one, i.e.
nA(k) ≃ CAnD(k) (4.50)
where CA is a constant; as a consequence, one would expect that,
at high values of |y2|, FA(q, y2) will behave in the same way in the
Deuteron and in complex nuclei, so that, accordingly,
fA(y2) ≃ C
AfD(y2) . (4.51)
At the same time, on the contrary, at low values of |y2|, F
A(q, y2)
should exhibit an A dependence generated by the different asymptotic
behavior of the nuclear wave functions in configuration space.
This is fully confirmed by Fig. 4.7, where the scaling function FA(q, y2) ob-
tained from available experimental data on 4He, 12C and 56Fe, is plotted
versus the scaling variable y2; it can be seen that, at high values of |y2|,
FA(q, y2) scales exactly to f
A(y2). This is even better demonstrated in Fig.
4.8, where the scaling function FA(q, y2) is plotted versus Q
2 at fixed values
of y2. By this way, the scaling behavior of F
A(q, y2) is better illustrated. In
the same Figure, in order to analyze more quantitatively the scaling behavior
of FA(q, y2), the latter has been plotted together with the theoretical scaling
function for A = 2, calculated in PWIA (solid line), and taking FSI into ac-
count (dashed line). The left panel clearly illustrates that, due to FSI effects,
scaling is violated and approached from the top, and not from the bottom,
as predicted by the PWIA. However, scaling violation seems to exhibit a Q2
dependence which is very similar in Deuteron and in complex nuclei. This is
illustrated in more details in the right panel of the Figure, which shows the
quantity
FA(Q2, y2)/C
A ≃ FD(Q2, y2) (4.52)
where the A dependent constants CA have been chosen so as to make the
experimental scaling function for a nucleus A to coincide as much as possible
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Figure 4.7: The experimental scaling function FAexp(q, y) of
4He, 12C, and
56Fe obtained from the experimental data of Refs. [14, 88]. The longitudinal
momentum distributions (Eq. (3.27)) of 2H (full line), 4He (long-dashed),
12C (dashed) and 56Fe (dotted) are also shown. After Ref. [76].
with the Deuteron scaling function FD(Q2, y2). It clearly appears that the
scaling functions of heavy and light nuclei scale to the Deuteron scaling
function; moreover the values obtained for CA turn out to be in agreement,
within the statistical errors, with the theoretical predictions of Ref. [6], as
well as with the experimental results on the ratio [3]
R(xBj , Q
2) =
2
4
σA2 (xBj , Q
2)
σD2 (xBj , Q
2)
(4.53)
shown in Fig. 4.9; it is also important to stress that, although FSI are very
relevant, they appear to be similar in Deuteron and in a nucleus A, which is
evidence that, in the SRC region, FSI are mainly restricted to the correlated
pair.
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Figure 4.8: The scaling function FA(Q2, y2) from the lower panel of Fig.
4.7 plotted vs. Q2 at fixed values of y2 (
4He-asterisks , 12C-triangles, 56Fe-
squares). In the right panel the data for 4He, 12C and 56Fe have been
divided by the constants C4 = 2.7, C12 = 4.0 and C56 = 4.6, respectively.
The theoretical curves refer to 2H and represent the PWIA results (full)
and the results that include the FSI (dashed), both obtained with the AV18
interaction [20]. Scaling variables are in MeV/c. After Refs. [47, 76]
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Figure 4.9: Eq. (4.53) vs. the scaling variable X ≡ xBj for A = 56 at six
different values of Q2. The average Q2 is given for each frame. To the right
of the vertical dashed line those data correspond to a final state less 50MeV
greater than the Deuteron rest mass. The solid line is a calculation based on
the nuclear spectral function of Ref. [91]. After Ref. [3].
4.3 Three-nucleon-correlation scaling variable
Three-nucleon correlations also contribute, in principle, to the inclusive cross
section for A ≥ 3. 3NC correspond, as previously explained in §2.7, to those
three-nucleon configurations in which the high momentum k1 ≡ k of nucleon
”1” is almost entirely balanced by the momenta k2 and k3 of nucleons ”2”
and ”3”, respectively.
The excitation energy of the (A− 1)-nucleon system is given in this case by
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(Cf. Eq. (2.93)) [47]
E∗A−1 =
(k2 − k3)
2
mN
+
A− 3
A− 1
[(k2 + k3)− 2KA−3]
2
4mN
(4.54)
which shows that, whereas 2NC are directly linked to high values of excitation
energies
E∗A−1 ≃
(A− 2)
(A− 1)
k2
2mN
(4.55)
high momentum components due to 3NC may lead both to low and to high
values of E∗A−1, as shown in the examples of Figs. 4.10(a) and 4.10(b),
respectively.
(a) (b)
Figure 4.10: Two types of 3NC configurations which are present in the spec-
tral function of a nucleus A; they correspond to: (a) high momentum k and
low removal energy E, and (b) high momentum k and high removal energy
E.
In the configuration of Fig. 4.10(a), the momentum k1 ≡ k of nucleon
”1” is almost entirely balanced by nucleons ”2” and ”3”, with momenta
k2 ≃ k3 ≃ −k/2, and one has
E∗A−1 =
A− 3
A− 1
k2
4mN
. (4.56)
In the configuration of Fig. 4.10(b),
k2 = k3 = −
|k|
2
cos
(
θ
2
)
(4.57)
with
cos θ = −
(k2 · k3)
(k2k3)
(4.58)
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Figure 4.11: The spectral function of 3He vs. the removal energy E, at
k = 3.5 fm−1 [66]. The realistic spectral function corresponding to the Pisa
wave function (squares) is compared with the FNC model (full line) given by
Eq. (2.64), at k = 3.5 fm−1. After Ref. [47].
and E∗A−1 could be very large when k2 and k3 are large.
Let us investigate the presence and relevance of 3NC configurations in the
spectral function of the 3N system, for which the Schro¨dinger equation has
been solved exactly. When A = 3, 3NC of the type shown in Fig. 4.10(a)
lead to E∗2 = 0 (cf. Eq. (4.56)).
In Fig. 4.11, as already illustrated in §2.7, the realistic spectral function
of 3He obtained [66] using the Pisa wave function [90] corresponding to the
AV18 interaction [20] (full squares), is compared with the predictions of the
FNC model (solid line) given by the convolution formula (2.64) [47]. It can
be seen that the FNC spectral function reproduces the exact one in a wide
range of removal energies (50 . E . 250MeV ), but fails at very low and
very high values of E, where the effects from 3NC are expected to provide
an appreciable contribution.
It is clear from Fig. 4.11 that 3NC of the type shown in Fig. 4.10(b) can
hardly be present at k < 3.5fm−1 and E ≤ 300MeV , so that it is legitimate
to ask ourselves whether these 3NC can show up in available experimental
98
4.3. Three-nucleon-correlation scaling variable
data. To answer this question, let us now consider the maximum value of the
removal energy achieved in the experiments, which is also the upper limit of
integration in Eq. (3.21), i.e.
Emax(q, ν) =
√
(ν +MA)2 − q2 . (4.59)
In Fig. 4.12, we show the value of Emax(q, ν) plotted versus the Bjorken
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 <Q2>=0.15 GeV2
Figure 4.12: The maximum value of the removal energy Emax (Eq. (4.59))
available in inclusive q.e. scattering off 3He plotted vs. xBj , at increasing
values of Q2 shown in the inset. After Ref. [47].
scaling variable in the region 1 ≤ xBj ≤ 3, in correspondence of a set of
values of ν and q typical of available experimental data on 3He. It can be
seen from Figs. 4.8 and 4.11 that, in the region 2 ≤ xBj ≤ 3, only 3NC
configurations of the type shown in Fig. 4.10(a) can contribute to present
A(e, e′)X kinematics; for this reason we will consider, for the time being,
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only this type of 3NC.
Therefore the 3NC scaling variable Y ≡ y3 is obtained by placing
k = |y3| (4.60)
cosα =
k · q
kq
= 1 (4.61)
E∗A−1 =< E
∗
A−1(k) >3NC (4.62)
in the energy conservation (4.1), which becomes
ν +MA =
√
(MA−3 + 2mN+ < E∗A−1(k) >3NC)
2 + y23 +
√
m2N + (y3 + q)
2
(4.63)
where the excitation energy of the residual system is (cf. (Eq.4.56))
< E∗A−1(k) >3NC=
A− 3
A− 1
k2
4mN
(4.64)
and corresponds to the 3NC configuration of type 4.10(a).
Even in this case, Eq. (4.63) has been solved exactly in our calculations.
4.4 Domain of existence of the three scaling
variables
In the previous sections, we have obtained three different scaling variables, y,
y2 and y3, by placing different values of E
∗
A−1 in Eq. (4.1), namely E
∗
A−1 = 0,
E∗A−1 =< E
∗
A−1(k) >2NC , and E
∗
A−1 =< E
∗
A−1(k) >3NC , respectively.
In Fig. 4.13, the values of y, y2 and y3 are plotted versus xBj , in the case of
56Fe, for a fixed value of Q2. It should be pointed out that the magnitude of
xBj =
Q2
2mNν
= A
Q2
2MAν
(4.65)
cannot be larger than the number of nucleons in a given nucleus, as clearly
results from the definition of the invariant mass
W 2 = −Q2 +M2A + 2MAν = Q
2
(
−1 +
MA
xmN
)
+M2A ≥M
2
A (4.66)
which leads to
xBj ≤
MA
mN
≃ A . (4.67)
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Figure 4.13: The scaling variables y, y2 and y3 vs. xBj for the nucleus
56Fe.
After Ref. [47].
This result is really important in order to explain the different behaviors
of the three scaling variables which, as already discussed in the previous
sections, differ only in the definition of E∗A−1 used in Eq. (4.1). Let us
analyze this point in more detail.
The 2NC scaling variable (4.37), requires that
W 2A − 4m
2
N ≥ 0 . (4.68)
By approximating M˜D ∼ 2mN , and owing to Eq. (4.65), one gets
−Q2 + 2
Q2
x
≥ 1 (4.69)
and thus
−Q2
(
1−
2
x
)
> 1 (4.70)
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which means
xBj . 2 . (4.71)
The scaling variable y2 is therefore defined only for xBj ≤ 2. Indeed y2
represents 2NC in heavy nuclei resembling the ones acting in Deuteron and,
by placing A = 2 in Eq. (4.67), the same domain of existence is recovered. In
the same way, the domain of the other two scaling variables y and y3, turns
out to exist in the range of xBj ≤ A and xBj ≤ 3, respectively. Indeed, the
scaling variable y describes the mean field configuration, whereas the scaling
variable y3 describes 3NC as in
3He; thus, by placing A and A = 3 in Eq.
(4.67), the same domains are recovered.
The different values of E∗A−1 used in Eq. (4.1), impose therefore different
limits in the domain of existence of the three scaling variables used in our
calculations, due to the different configurations of nucleons in nuclei they
refer to.
4.5 A new approach to the treatment of the
inclusive cross section
Let us recall, as already discussed in §3.1, that, at high Q2, the calculation
of the quasi elastic inclusive cross section depends upon the scaling function
FA(q, y) = 2π
∫ +∞
Emin
dE
∫ +∞
kmin(q,y,E)
k dk PA(k, E) (4.72)
whose calculation requires, due to the presence of the nucleon spectral func-
tion P (k, E) (Eq. (2.1)), the knowledge of the entire energy spectrum of the
(A− 1)-nucleon system. Owing to the decomposition rule (2.8), the contri-
butions from different final nuclear states could be explicitly separated out,
writing
FA(q, y) = f0(y) + F2(y, q) + F3(y, q) (4.73)
where
fA0 (q, y) = 2π
∫ +∞
|y|
nA0 (k) k dk (4.74)
describes the shell model contribution,
FA2 (q, y) = 2π
∫ +∞
Emin
dE
∫ +∞
kmin(y,q,E)
k dk P2NC(k, E) (4.75)
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the 2NC pair contribution and, eventually,
FA3 (q, y) = 2π
∫ +∞
Emin
dE
∫ +∞
kmin(y,q,E)
k dk P3NC(k, E) (4.76)
the 3NC contribution.
As already pointed out in the previous sections, the scaling variables y, y2
and y3 effectively take into account the energy E
∗
A−1 of the residual system;
by this way, the effects due to the binding correction (3.28) are strongly
suppressed, and a direct link between the scaling function and the nucleon
momentum distributions can be established.
The original idea of our novel approach [47] to A(e, e′)X processes, is based
upon the replacement of Eq. (4.73) by the following one
FAnew(y, q) ≡ f
A
new(y) = f0(y) + f2(y2) + f3(y3) (4.77)
with f0(y) given by Eq. (4.74), and Eqs. (4.75) and (4.76) replaced by
fA2 (y2) = 2π
∫ +∞
|y2|
nA2 (k) kdk (4.78)
and
fA3 (y3) = 2π
∫ +∞
|y3|
nA3 (k) kdk (4.79)
respectively. It should be pointed out that y2 = y2(q, y) and y3 = y3(q, y),
with y = y(q, ν).
In Eq. (4.78), we use the nucleon momentum distribution
nA2 (k) =
∫
dkCM nrel(k+ kCM) n
soft
CM (kCM) (4.80)
which describes the virtual photon absorption by a 2N correlated pair and,
in Eq. (4.79), the nucleon momentum distribution
nA3 (k) =
∫
dkCM nrel(k+ kCM) n
hard
CM (kCM) (4.81)
which corresponds to the contribution arising from 3NC; for shell model
nucleons the usual nucleon momentum distribution (see Eq. (2.42))
nA0 (k) =
1
4πA
∑
α<αF
Aα n˜α(k) (4.82)
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defined in §2.3, is adopted.
These three quantities should satisfy the normalization condition (2.19), i.e.∫ ∞
0
k2 dk nA0 (k) +
∫ ∞
0
k2 dk nA2 (k) +
∫ ∞
0
k2 dk nA3 (k) = 1 . (4.83)
Due to the difficulties in the calculation of the nucleon momentum distri-
bution (4.81), until now we have considered only the independent particle
shell model and 2NC components in Eq. (4.77). We have thus compared
the longitudinal momentum distribution (3.27), where E = Emin, with Eq.
(4.77), where E = Emin < E
∗
A−1(k) >2NC , and with the exact calculation of
Eq. (4.73) in terms of the spectral function, finding, as shown in Fig. 4.14,
a good agreement between the two approaches.
It appears, therefore, that inclusive cross sections can be calculated only by
using momentum distributions, provided the excitation energy of the (A−1)
system is effectively taken into account in the lower limit of integration in k,
i.e. by using the scaling variable y2.
The same conclusions can be reached also by writing the scaling function in
a more general form, viz.
FA(q, Y ) =
∫ +∞
Emin
dE
∫ +∞
|Y |
d3k PA(k, E) . (4.84)
The scaling variables y, y2 and y3 allow us to write
PA0 (k, E) = n
A
0 (k) δ(E − Emin) (4.85)
PA2 (k, E) = n
A
2 (k) δ(E− < E(k) >2NC) (4.86)
PA3 (k, E) = n
A
3 (k) δ(E− < E(k) >3NC) . (4.87)
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Figure 4.14: Different definitions of the scaling function vs. the scaling vari-
able y. Dotted line: the longitudinal momentum distribution (3.27); solid
line: the scaling function (4.73), calculated with the spectral function; dashed
line: the new scaling function (4.77), calculated with the nucleon momentum
distributions.
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Introduction
In what follows, the results of our calculations of the inclusive cross section
ratios shown in §1.2.3 will be presented.
5.1 Inclusive cross section ratios in PWIA
Let us recall that the experimental inclusive cross section ratio (1.41) of
nucleus A to the nucleus 3He was defined in §1.2.3 as follows
r(A,3He) =
2σep + σen
Zσep +Nσen
σ(A)
σ(3He)
(5.1)
which, within our novel approach, reduces to the following ratio
r(A,3He) =
2σep + σen
Zσep +Nσen
FAnew(y
A, q)
F 3Henew (y
3He, q)
. (5.2)
Our preliminary results of the PWIA ratio, for A = 56 are shown in Fig.
5.1; it exhibits a good agreement with CLAS data only for 1.5 . xBj . 2,
i.e. in the region of 2NC; on the contrary, at xBj . 1.5 the PWIA does not
lead to satisfactory results.
This fact agrees with the results already shown in Fig. 4.8: in the region
of 2NC the data of heavy nuclei scale to the Deuteron ones, and thus FSI
effects vanish in the ratio r(A/3He), leading to the first plateaux; indeed in
106
5.1. Inclusive cross section ratios in PWIA
1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75
1
2
3
4
5
6
 CLAS Data
 PWIA
 
 
r(
56
Fe
/3 H
e)
xB
Figure 5.1: The experimental cross section ratio shown in Fig. 1.14 compared
with our preliminary PWIA theoretical results, for A = 56.
the 2NC region, Eq. (5.2) reads as follows
r(A,3He) ≃
2σep + σen
Zσep +Nσen
∫∞
|yA
2
|
k dk nA2 (k)∫∞
|y
3He
2
|
k dk n
3He
2 (k)
≃
CA
C3He
= const . (5.3)
In the kinematical region at xBj . 1.5, on the contrary, the ratio exhibits
a strong sensitivity upon the A dependent FSI of the knocked nucleon with
the residual system, and this is the reason of the disagreement between the
experimental ratio and our calculations performed in PWIA.
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5.2 FSI and distorted nucleon momentum dis-
tribution
In order to include FSI effects within our new model for inclusive scattering,
we will now introduce the distorted nucleon momentum distributions, defined
as follows [93]
nAD(pm, θ) =
∫
dr dr′ eı pm·(r−r
′) ρD(r, r
′) . (5.4)
The quantity pm appearing in Eq. (5.4), is the missing momentum
pm = q− k (5.5)
defined in terms of the three-momentum transfer q and the momentum of
the knocked out nucleon k (see §1.2.2), with θ being the angle between them;
ρD(r, r
′) is the distorted one-body mixed density matrix, i.e. the quantity
[94]
ρD(r, r
′) =
< φ0|Fˆ † S† ρˆ(r, r′) S Fˆ |φ0 >
< φ0|φ0 >
. (5.6)
In Eq. (5.6), φ0 is the mean field wave function, Ψ
v
A = Fˆ φ0 is the real-
istic correlated wave function, Sˆ is the operator which takes into account
FSI, and, eventually, ρˆ(r, r′) is the one-body density matrix operator. When
Sˆ = 1, PWIA is recovered, and the missing momentum equals the nucleon
momentum before interaction.
The distorted momentum distributions have been calculated in Ref. [94]
adopting the eikonal Glauber representation for the quantity Sˆ, namely
Sˆ =
A∏
j=2
G(b1 − bj , z1 − zj) (5.7)
where
G(b1 − bj, z1 − zj))1− θ(zj − z1) Γ(b1 − bj) (5.8)
with Γ(b1 − bj) being the usual Glauber profile function, i.e.
Γ(b1 − bj) = σ
NN
tot
1
4πb20
e−b
2/b2
0 . (5.9)
Here, r = {b1, z1} is the coordinate of the struck nucleon with transverse
and longitudinal coordinates b1 and z1 (the axis z is along the direction of
the struck nucleon), σNNtot is the total nucleon-nucleon cross section, b0 is the
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slope parameter of the total NN elastic cross section, and θ(zj − z1) ensures
that the struck nucleon interacts only in the forward direction.
Calculations similar of the ones of Ref. [94] for 4He have been performed
for closed shell nuclei 16O and 40Ca [92]. The results for the three nuclei are
presented in Figs. 5.2 and 5.3, where they are compared with the distorted
momentum distributions of the Deuteron. It is amazing to see that even in
the case of the distorted momentum distribution a sort of Deuteron scaling
is observed at high values of the missing momentum, where
nAD(pm, θ) ≃ C˜
A n
2H
D (pm, θ) . (5.10)
5.3 Inclusive cross section ratios with FSI
Let us replace in Eq. (4.77) the undistorted nucleon momentum distributions
with the distorted ones; we obtain
fAD(y) = f0D(y) + f2D(y2) + f3D(y3) (5.11)
where
fA0D(y) = 2π
∫ +∞
|y|
|pm| d|pm|
∫
nA0D(|pm|, θ) dθ (5.12)
fA2D(y2) = 2π
∫ +∞
|y2|
|pm| d|pm|
∫
nA2D(|pm|, θ) dθ (5.13)
fA3D(y3) = π
∫ +∞
|y3|
|pm| d|pm|
∫
nA3D(|pm|, θ) dθ . (5.14)
By including FSI effects, the preliminary results shown in Fig. 5.4 are ob-
tained, showing a good agreement with CLAS data, both at xBj . 1.5 and
in the 2NC region (1.5 . xBj . 2), where Eq. (5.3) reads now as
r(A,3He) ≃
C˜A
C˜3He
= const . (5.15)
5.4 3NC nucleon momentum distributions
In order to include 3NC effects, and to extend our calculations in the region
of 2 . xBj . 3, we need the 3NC nucleon momentum distributions n
A
3 (k),
which are, to date, completely unknown. So the problem arises of how to
determine them. Herebelow the following suggestion is presented.
In Fig. 5.5, the exact neutron spectral function of 3He [66] and the one
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calculated within the FNC model (2.64) are compared. The original idea of
our approach is to subtract from the exact spectral function the FNC one,
obtaining, by this way, the component of the spectral function due to 3NC,
i.e. P3NC(k, E).
The corresponding nucleon momentum distributions are nothing but the in-
tegral of the spectral function
nA3 (k) = 4π
∫ +∞
Emin
PA3NC(k, E) dE (5.16)
so that the green area shown in Fig. 5.6 yields nA3 (k).
Calculations of 3NC effects in the region 2 . xBj . 3 are in still in progress,
and will be reported elsewhere [72], but the results of our preliminary calcu-
lations show that
nA2 (k)≫ n
A
3 (k) (5.17)
which is in agreements with the finding summarized in Fig.1.15, where the
independent low momentum shell model nucleons and the 2NC high momen-
tum nucleons almost exhaust the description of nucleons in a nucleus A.
Moreover, in order to explain the second plateaux appearing in the inclusive
cross section ratios (1.14), we should expect that nA3 (k) shows a
3He scaling
behavior, i.e.
nA3 (k) ≃ C
A
3 n
3He
3 (k) (5.18)
so that
2σep + σen
Zσep +Nσen
FAnew(yA, q)
F 3Henew (y3, q)
≃ CA3 = const (5.19)
in the 3NC region, at 2 . xBj . 3.
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Figure 5.2: The distorted nucleon momentum distributions of Eq. (5.4)
versus the momentum |pm|, for (a)
2H , (b) 4He and (c) 16O. Dashed line:
θ = 90◦; dot-dashed red line: θ = 0◦; dotted line: θ = 180◦; solid line: no
FSI taken into account. After Ref. [92].
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(a)
(b)
Figure 5.3: Dashed line: the distorted nucleon momentum distribution of
4He and 16O at θ = 180◦; dotted line: the rescaled Deuteron momentum
distribution at the same angle; full line: the undistorted momentum distri-
bution. The same behavior appears at θ = 0◦ and θ = 90◦. After Ref.
[92].
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Figure 5.4: The same as in Fig. 5.1, with theoretical calculations performed
with Eq. (5.11). After Ref. [47].
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Figure 5.5: The neutron spectral function for 3He vs. the removal energy E,
for two different fixed values of the momentum k.
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Figure 5.6: The 3NC contribution to the spectral function, extracted by
subtracting from the exact spectral function the FNC one, both shown in
Fig. 5.5, plotted versus the energy E∗ = E −E(2)thr.
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Summary and conclusions
In the first part of this Thesis, we have illustrated the theoretical techniques
used to solve the many-body problem of nuclei and, in particular, the theoret-
ical problems encountered in finding a solution at high values of the nucleon
momentum. From a theoretical point of view, we have justified an approx-
imation based only upon two- and three-body potentials, with higher order
potentials being neglected. We have then pointed out the necessity of taking
into account short range nucleon nucleon correlations (SRC) for a complete
description of nuclei, and the necessity of a deep knowledge of them for an-
swering different questions in various fields of the modern physics.
In the second and original part of this Thesis, we have focused on the way
SRC manifest themselves in the high momentum components of one- and
two-nucleon momentum distributions; moreover, we have stressed out that,
due to SRC, and in particular to the dominance of n-p pairs in a nucleus
A, the nucleon momentum distribution for a nucleus A is nothing but the
Deuteron momentum distribution rescaled by a constant CA, a behavior
known as Deuteron Scaling.
We have then illustrated our novel approach to the study of SRC effects
in inclusive lepton scattering off nuclei, based upon the introduction of the
proper scaling variables y, y2 and y3; these take effectively into account the
excitation energy E∗A−1 of the residual system in different ways, allowing us
to describe the A(e, e′)X cross section in terms of the corresponding momen-
tum distributions generated by 2NC and 3NC.
We have shown that, in the region of 2NC, our new approach, in terms of
nucleon momentum distributions, results to be a good approximation of the
one based upon the use of the spectral function. Moreover, we have illus-
trated, that the experimental scaling function, in the 2NC region, not only
scales to the Deuteron scaling function, but also exhibits A independent final
state interaction (FSI) effects, mostly due to the FSI in the correlated pair.
Calculations in the region of 3NC requires the knowledge of the nucleon mo-
mentum distributions nA3 (k), and we have proposed an approach to obtain
the three-nucleon momentum distributions from the knowledge of the full
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5.4. 3NC nucleon momentum distributions
and the 2NC spectral function.
To sum up, we have demonstrated that the usual approach to scaling, based
on the variable y, is not very useful as far as the investigation of the short
range structure of nuclei is concerned. On the contrary, the direct, global,
and A-independent link between the scaling function FA(Q2, y2) and the lon-
gitudinal momentum distributions fA(y) allows one to obtain information on
the general behavior of the high momentum components in nuclei, which are
governed by SRC.
Eventually, we have demonstrated that, within our novel approach, the in-
clusive cross section ratio r(A/A′) reduces to the scaling function ratio of
nuclei A and A′. Our preliminary calculations of the scaling function ratio,
performed for A = 56 and A′ = 3, show in PWIA a good agreement with
CLAS data only for 1.5 . xBj . 2, i.e. in the region of 2NC; on the contrary,
at xBj . 1.5, the PWIA does not lead to satisfactory results. This is not
a surprising result, indeed, in the region of 2NC the data of heavy nuclei
scale to the Deuteron ones, and thus FSI effects vanish in the ratio r(A/A′),
leading to the first plateaux; in the kinematical region at xBj . 1.5, on the
opposite, the ratio exhibits a strong sensitivity upon the A-dependent FSI
of the nucleon knocked out from mean field states with the residual system.
Including explicitly these FSI effects in the mean field contribution, we ob-
tained a good reproduction of the experimental plateaux attributed to 2NC.
Calculations including the 3NC configurations, which are necessary in order
to extend our comparison with the CLAS experimental data to the region
2 . xBj . 3, are in progress, and will be presented elsewhere [72].
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